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ON THE AUTOMORPHISM GROUPS
OF COUNTABLE BOOLEAN ALGEBRAS

BY
MATATYAHU RUBIN'

ABSTRACT
We prove categoricity results for the class {(B, Aut(B)) | B is a countable BA}.

§0. Introduction

If A is a Boolean algebra (hereafter denoted by BA) let At(A ) denote the set
of atoms of A. Let K;={A | A is a countable or finite BA and |At(A)|#1}. A
and B always denote members of K; and Aut(A) denotes the automorphism
group of A.

J. D. Monk conjectured that for every A, B € K, Aut(A)= Aut(B) implies
A = B. In [4] he proved the special case of this conjecture when At(A) is finite.
R. McKenzie [3] and independently S. Shelah refuted this conjecture by showing
two non-isomorphic BA’s in K, having isomorphic automorphism groups. On
the other hand McKenzie in [3] proved that Monk’s conjecture is true when A is
atomic or even when A has a maximal atomic element. The question what
information about A is contained in Aut(A) when A is an arbitrary member of
Ko remained unsettled. Thus, for instance, McKenzie in [3] asked whether
Aut(A)= Aut(B) implies A =B.

By interpreting in Aut(B) a certain fragment of the second order logic of B
(Theorem 2.15(d)) we answer McKenzie’s question affirmatively. We actually
prove a somewhat stronger result (Corollary 2.17):

THEOREM. For every complete theory of BA’s T there is a sentence ¢+ in the

language of groups such that for every B € K; B T iff Aut(B)E ¢r.

+ This paper is part of the author’s doctoral dissertation prepared at The Hebrew University under
the supervision of Professor Saharon Shelah.
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Another corollary from 2.15(d) is, that if B is infinite and atomic then B" is
explicitly interpretable in Aut(B) (see § 1), where B" is the second order model
of B, i.e.

B"=(B,@1(B),--',gi,.(B),-"; u,n,—,0,1,E,,---,E,---),
R. (B) is the set of n-place relations on B and
(aj," ", an,r)EE, iff reER,(B) and (ai,---,a.)ETr
Using a theorem from [2] we conclude:

THEOREM. (V =L) If A has a maximal atomic element and Aut(B)=
Aut(A) then B=A,

Thus assuming V = L McKenzie’s result can be strengthened.

By [2] it is however consistent that there are 2" non-isomorphic countable
superatomic BA’s with elementarily equivalent automorphism groups.

In §3 we prove the following theorem: assume V =L then if Aut(A)=
Aut(B) then Aut(A)= Aut(B).

We do not know the answer to the following question: Let B be a countable
BA; is it possible to interpret in Aut(B) the set of all isomorphism types of
countable BA’s whose automorphism group is isomorphic to Aut(B)? To make
the question precise let M(B)=(J(B),U: U,N), where J(B) is the set of
isomorphism types of countable BA’s whose automorphism group is isomorphic
to Aut(B), U,N C J(B)x U? and for every v € 7(B) the relations

U ={xyz)(rxyz)E U}

T

and

N ={xy2)(rnxyz)eEN}

T

define a BA on their (common) domain of isomorphism type 7.

Let K = {Aut(B)||B|=N,} and L = {M(B)||B|=N}; is L explicitly inter-
pretable in K?

We conjecture that the answer to this question is negative, even if we restrict
ourselves to the class of all models of some complete theory of BA’s T.

See [6] and [7] for results complementary to the results in this paper.

I thank J. D. Monk for detecting many errors, and for many helpful
suggestions concerning the presentation of these results.
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§ 1. Definitions and notations

DeriniTiON.  Let K and K* be classes of models in the language L and L*
respectively, h : K — K * be an onto function. Then K * is explicitly interpretable

in K relative to h, if there are first order formulas of L ¢y (x1, -, x,),
Ceq(X1," " " X Y1,° ", ¥n ), for every m-place relation symbol REL*
@r (X1, "+, X0 "+ .tT, -+, x7) and for every m-place function symbol FE€ L*
Er(Xly s Xn X0, Xmy Y1, ", ¥a), such that for every M€K
if M*=h(M) then there is an onto function
f:{la, ", a.)|ME@y[ay, -, a,]}—|M*| such that for every b€

Dom (f) f(d@)=f(b) iff M ¢g,[d,b], for every REL* and d',---,d™ €
Dom(f){f(@'), -, f(@"))E R™ iff M @& (d',-++,d™) and for every FE L*
a',---, ™ b € Dom(f) fM (f(a@'), -, f(@™))=f(B)iff M = @s (@', -, 4™, b).

The constants and operations in a BA are denoted by 0,1,U, N, —, and the
partial order induced on the BA is denoted by C.If B isa BA and C C B, then
cl(C) denotes the subalgebra of B generated by C, and Alg(C) denotes its
algebraic closure, that is, Alg(C)={b | b € B and there is a formula ¢ (x, y) and
€1, ", ¢, € C such that BE ¢[b, ¢y, -+, c.], and there are just finitely many
elements b’ of B such that Bk ¢[b’, ¢, -+, c.]}. At(B), As(B), Al(B) denote
the set of atoms of B, the set of atomic elements of B and the set of non-zero,
non-maximal atomless elements of B respectively. Barred letters @, b, ¢, d, €
denote subsets of At(B)UAI(B). If a € B we define a ={b l bCa and
b € At(B)U Al(B)}; the statement b C At(B) U Al(B) does not imply that for
some ¢ € B¢ = b. The direct product of the BA’s A and B is denoted by A X B.

A function f:|M|—|N]| is called elementary, if for every a,,-:',a. €
Dom (f) and for every ¢ (x1, - - -, x.) in the language of M : M E ¢[ay, - - -, a. ] iff
NEg [f(al)’ t -,f(a,. )]

Id denotes the identity function. If Dom(f)C A, Rng(F)CB and f is
elementary then cl(f) denotes the unique extension of f to an elementary
function whose domain is cl(Dom (f)).

The universe of the model M is denoted by | M |; b, G, f are used to denote
elements of the model as well as variables in the language, but in “¢(a)” a
denotes an individual variable, whereas in “M k= ¢[a]” a denotes an element of
|M| which satisfies ¢. B denotes both a BA and its universe, the same

convention is used for the group Aut(B). = and = denote isomorphism and
elementary equivalence respectively.
M=(U1,"',U,.,~--; ‘IW,...,R':',...’ V,---,Fﬁ',---) denotes the model

whose universe is U, U; (the U,’s are not necessarily disjoint), and in addition to
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the relation and function symbols - - - R;,-- -, - - - F; - - - the language of M contains
for every U, a unary predicate P, such that P} = U,. We omit to mention those
relations and functions which are natural, thus for instance
(Aut(B), At(B);°, Op) is abbreviated by (Aut(B), At(B);-*-) where ° is the
composition operation in Aut(B) and (f,a,b)EOp iff fE€ Aut(B), a,b €
At(B) and f(a)=b.

If M and M’ are models then N=(M,M’;---R, +++) is the model whose
universe is | M | U| M|, the relations and functions of N are those of M, M’, the
R;’s and unary prediates for | M | and |[M’|. (We assume the languages of M and
M' are disjoint.)

The cardinality of C is denoted by |C|. S,, (A ) is the set of finite subsets of A.

§2. Let K!={Aut(B)|B € K}, Mx(B) = (Aut(B), At(B), Al(B);--) and
Ki={M,(B)| B € Kj}.

THEOREM 2.1. K3 is explicitly interpretable in K.

Proor. This is a special case of corollary 1.5 in [5].

Let B be the completion of B, and ao € B be the union of all atoms of
B. (We regard B as a subalgebra of B). Let B*™=
({aNa,J]aeB}: UB M2 -2 0,a,) where —*"a=ay—a and B*'=
({a-ao]a€B}: U?,MN°~2* 0, - a;) where —=**"a = —a,— a, and let B™ =
B*Tx BA". We regard B as a subalgebra of B™ and B*™ and B*" as subsets of
B™. Every f € Aut(B) can be uniquely extended to an element of Aut(B™)
and the set of such extensions is a subgroup of Aut (B™) so we regard Aut (B) as
a subgroup of Aut(B™).

We now proceed to interpret (Aut (B), BA"; Op) in Aut(B) where (f,a,b)€E
Op iff f € Aut(B), a € BA" and b = f(a).

If f is an elementary function, let Inv(f)={a|a =f(a)} and fix(f)=
{a , a € At(B)U AI(B) and a C Inv(f)}.

DeriNiTION.  Let f : B — B, f will be called a good function if it is elementary,
Al(B)C Dom(f), for every b € AI(B) f(b)=b and for every b € Dom(f)
(b —f(b))U(f(b)~ b) is the union of finitely many atoms.

Notice that if f is a good automorphism of BA”, then f UId| B*" can be
uniquely extended to an automorphism of B.

LemMA 2.2. (a) Let f:B— B be good, CCB is finite and Dom(f)C
cl(AlI(B)U C), then f can be extended to a good automorphism of B.
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(b) There is a good automorphism f of B such that Inv(f) C cl(Al(B) U {ao})
where a, is the maximal atomic element.

(c) If C C B is finite, then there is a good f € Aut(B) such that Inv(f) =
cl(A1(B) U C U{ao}).

(d) If b€ B and |At(B)—b| #1 then there is a good f € Aut(B) such that
fix(f) N At(B) = b N At(B).

(e) If a C At(B) and |At(B)—a|# 1 then there is a good f € Aut(B) such
that fix(f) N Aut(B) = a.

Proor. (c) and (d) are corollaries of (b), and (e) is a corollary of (d); so let us
prove (b).

By the remark preceding this lemma, it is sufficient to construct a good
automorphism f of B*", such that Inv(f) = {0, 1}. So let us assume that B = B*™.
If B is finite then any cyclic permutation of At(B) induces the desired
automorphism; we thus assume that B is infinite.

Let {e , i < w} be an enumeration of B. We define by induction on n < w
functions f,; the induction hypothesis is:

(*)  f.isgood, Dom(f,) = Alg(Dom(f.))is finite, and Inv(f,) = {0, 1}.

Let fo={(0,0), (1,1)}; since B is infinite f, satisfies (*).

Let us now prove that if g satisfies (*) and x € At(B), then there is g' D g,
such that Dom(g’)=cl(Dom(g)U{x}), and g' satisfies (*). Let a,E
At(Dom(g)) and x C a.. If @, is finite, then a, C Dom(g), so define g'=g.
Otherwise, let y €a,N g (as)—{x}, then g U{(x,y)} is elementary, so define
g'=cl(g U{(x,y)}). From all the requirements in (*) let us check that
Inv(g’)={0,1}. It is sufficient to show that g'(b)# b for every element of
Dom{(g’) of the form b = a U x, where a €Dom(g) and a N a,=0. Then,
g'(b)=g(a)Uy. Since yZa and y#x, yZaUx so g'(b)#b.

Secondly, let us prove that if e € B, a, € At(Dom(g)), ¢ C a, and both & and
a,— € are infinite, then there is g’ D g such that g’ satisfies (*) and Dom(g’) =
cl(Dom(g)U{e}). Let x €& Ng(ao); then g"d=e‘ gU{(e,e Ng(a)—x)} is
elementary, let g’ = cl(g"). Again it is easy to check that g’ satisfies (*).

Suppose f, has been defined and n is even. (In odd stages we will treat f,' in
the same way.) If e < e.,€Dom (fs), define f...=f. Otherwise, let
{x1,* -, x} = At(B)N Alg(Dom(f,) U {e}). Let f.D f. be such that: Dom(f,) =
cl(Dom(f,)U{x,,---,x.}) and f, satisfies (*). This is possible by the first
argument in the proof. Let {e',:---,e"}={eNa l a € At(Dom(f.)) and
0#ena# al. Let forr 2 f be such that Dom (f,+1) =
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cl(Dom(f,)U{e',---,e™}) and f,., satisfies (*). Such a function exists by our
preceding arguments. f = U,..f. is the desired automorphism.

RemMark. In the same way one can construct a good automorphism f such
that for every a € B, if f(a)Ca, thena=0o0r a =1.

The proof of (a) is almost included in the proof of (b).
Let M,(B)=(Aut(B),At(B), Al(B), ®#.(At(B)); ) and K;=
{M,(B)| B € K{}. From 2.2(e) it follows that K} is explicitly interpretable in K.

DerniTion (Monk [4], McKenzie [3] independently). Let @ C At(B). g will
be called an excellent subset of At(B) if a is infinite and for every b € B either
a N b is finite or a — b is finite, and for every b € B, b N At(B) # a.

every f € Aut(B), f induces a unique automorphism f* of M (B) (this is always
the case in what follows); let d = (a1, -, a.), b=(by, - b,)be sequences in
IM(B)| and f € Aut(B) we denote d £ 5 if f*(a;)=b, i =1,-+-,n,and d = b i
there is g such that 4 £ b.

Lemma 2.3. (a)Ifa C At(B) isinfinite then thereish C a which is excellent.

(b) (Monk) If a C At(B) is excellent and T is a permutation of G then
there is a unique automorphism f& Aut(B) which extends = U
Id] ((At(B)— a)U Al(B)), and f is good.

(c) (McKenzie) If @ C At(B) and for no b € B*™ b =a, then there is an
excellent ¢ such that ¢ N a and ¢ — a are both infinite.

(d) If a C At(B) is excellent then there is an excellent b such that b D a and
b — a is infinite.

(¢) If @ C b, a is infinite and b is excellent, then a = b.

(f) Let ¢o(b) be the formula in the language of K which says: (i) b C At(B);
(ii) there are byS b, C b and f € Aut(B) such that f(b\)= b,. Then for every
B €K} and b € My(B): My(B)k= @o[b] iff b is an infinite subset of At(B).

(g) Let @1(b) be the formula in the language of K which says: (i) b C At(B)
and b is infinite; (i) for every infinite b, C b, b, = b. Then for every B € K|, and
b € My(B): Ms(B)E¢:[b] iff b is excellent.

(h) Let ¢,(b) be the formula in the language of K} which says: (i) b C At(B);
(ii) for every excellent a C At(B) either a N b is finite or @ — b is finite. Then for
every B € K} and b € M5(B): Ms(B)E ¢,[b] iff forsome a € B, a N At(B) = b.

Proor. (b) appears in 1.1 [4] and is easily checked. (e) follows from (b) and
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(d), (a) follows from (c) and (e), but can be easily proved directly. (f) follows from
(a) and (b), (g) follows from (e), and (h) follows from (c). We thus have to prove
(c) and (d).

(c) Let {e. | n € w} be an enumeration of B. We define by induction: a finite
set of atoms C,, and an element of B, b,, such that for no b € B, b N At(B)=
b.N a.C, = @ and bo = 1. Suppose ¢, and b, have been defined. Either b, N e, or
b. — e. satisfy the induction hypothesis on the b,’s; so define b,., to be either
b. N e, or b, — e,, in such a way that b,., will satisfy the induction hypothesis.
Let x EE,:O& -¢. and y Em—d—c—n, and let ¢,.1=¢,U{x,y}. Let ¢=
U.,e.G,, then ¢ is as desired.

(d) Let {e | i € B} be an enumeration of B. We define by induction b, € B and
G.€ S.(At(B)), such that b,N a is infinite. b, =1, ¢, = &. Suppose b,, T, have
been defined. Let b,.;=b, Ne,, if b.Ne.Na is infinite; and otherwise let
bui1= b, —€n Let x Eb,.1— a—7, and Gy = G, U{x}. U,c.C. is as desired.

COROLLARY 2.4. Let
M(B) = (Aut(B), At(B), Al(B), R.(At(B)), BA";- - -)
and
K.={M.(B)| B € K},
then K is explicitly interpretable in K.
Proor. Immediate from 2.3(h).

CoRrOLLARY 2.5. (a) There is sentence  in the language of K| such that for
every B € K{, Aut(B)F ¢ iff |At(B)| < N,.

(b) {B|B €K} and |At(B)|<Nd} is explicitly interpretable in {Aut(B)|
B € K| and |At(B)| < No}.

(c) If A,B € K;i|At(A)| <R, and Aut(A)=Aut(B) then A =B.

Proor. Immediate.

2.5(c) essentially appears in [3] and [4]. We shall now interpret
(Aut(B),(BA")") in Aut(B). This is of course possible only for the class
K,={B|B € K,and|At(B)|=N,}.Solet K, ={M,(B)|BEK,},i=1,---,4.

If f is a function and x €Dom(f), let Or(f,x)=min({i |0<i and
fi(x)=x}U{w}). a C At(B) is meager if for every b€ B if b N At(B) is
infinite then b N At(B)— a is infinite.

LEMMA 2.6. (a) Let B € K,, then there is a C At(B) such that both a and
At(B)— a are meager.
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(b) If B € K, a C At(B) is meager, and E is an equivalence relation on a then
there is a good automorphism of B such that for every x,y € a : xEy iff |Or(f, x)| =
[O1(f, y)| < Ro.

(c) Let

M;(B)=(Aut(B),At(B), Al(B), B*", ®,(At(B))," - -, R. (At(B)),* ;")
and Ks={MyB)| B € K.} then K; is explicitly interpretable in K..

ProoF. (a)Let {e , i € w} be an enumeration of all elements e of B, such that
& N At(B) is infinite. We define by induction @, b, € S, (At(B)). @ = bo= . If
a,, b, have been defined, let x,y €2,N At(B)~(a.Ub,) and x# y. Let Gorr =
@ U{x} and by, = B—,.U{y}; then @ = U, <., is as desired.

(b) As in the proof of 2.2(b) we can w.lo.g. assume that B is atomic. Let
{e.| i € w} be an enumeration of B, and {d\| i € w} be a 1-1 enumeration of the
equivalence classes of E. We define by induction functions f.. Our induction
hypothesis is: (*) f. is elementary, Dom(f.) = Alg _{Dom (f.)) is finite; if
¢ € At(Dom(f.)) and ¢ is infinite then f, (c) = ¢; if x € d;N Dom(f,) then f, (x),
fa(x), - -+, fi'(x) are all defined, and i + 1 is the first positive integer ! for which
flx)==x

Note that (*) implies f, is good. We first prove the following facts. (1) If g
satisfies (*) and x € d,, then there is § D g which satisfies (*), x € Dom(g) and
Dom(g)=cl(Dom(g)U{x,g(x), -, &' (x)}). (2) If g satisfies (*), b € B, and
cither b € At(B)—a or there is ¢ € At(Dom(g)) such that b C ¢, and b and
¢ — b are infinite, then g U {(b, b)} is elementary, and cl(g U {(b, b)}) satisfies (*).

Proof of (1). Let x Cc € At(Dom(g)). If ¢ is finite, then since Dom(g) =
Alg(Dom(g)), x € Dom(g); so, we define § = g. If ¢ is infinite, then ¢~ a is
infinite. Let x,,---,x, €E¢—a be distinct. g(c)=¢c, so g'g—itg U{({x, x1),
(x1,X2), -, {Xi—1, X: ), {xi, x }} is elementary. Let g = cl(g’), it is easy to check
that g is as required.

(2) is trivial. The rest of the proof resembles the last part in the proof of 2.2(b).

Proof of (c). It is a well-known fact that if Eq(A) is the set of equivalence
relations on A then the class {M"| M is an L-model} is explicitly interpretable in
the class {{M,Eq(|/M|); E,;>|M is an L-model} where (a,b,e)€EE, iff
e €Eq(/|M|) and (a4, b) € e. Thus in order to prove (¢) it suffices to show how to
interpret equivalence relations on At(B) in M(B). We represent Eq(At(B)) by
the set {(a, f, g), i C AY(B), f,g € Aut(B)};

(a, f, g ) = t represents the equivalence relation E, which is defined as follows:
(x,y)EE, iff yx€a and |Or(f,x)|=|0r(f,y)|, or x,y €EAt(B)-a and
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|Or(g,x)| =]0r(g,y)|, or x €Ea and y € At(B)—a, |Or(f,x)| =|0r(g, y)|, or
x EAt(B)—-a and y €a and |Or(g,x)|=]|Or(f,y)|. Certainly there is a
formula ¢i(x,y,4d,f, g) in the language of K, such that for every B € K,
x,y,af, 8 €| Mi«(B)|:

M.(B)F ¢s[x,y,a,f,g] il (x,y)€ Ewase-

By 2.6(a) and (b) for every E € Eq(At(B)) there are a4, f and g such that
E = E(s4. Hence Eq(At(B)) can be interpreted in M,(B), and the claim of the
lemma follows.

LemMmA 2.7. Let L be any first order language,
Ki={{(M" Uy, U, +;Ey, -+, E.- )| M is an infinite L-model,
UCR(M|) and [Uls|M| i=12,--}
and let
K.={M,U,,--+, Uy Ey,+, En- )| Mand U, are as above}.
Then K, is explicitly interpretable in K,.

Proor. Let R be a binary relation on the universe of
(M,U,,---,Un,--"3Ei,---,E,--*), R can be encoded by a set

SCIM|x U (IM["x|M|*)=M
nk€w

in the following way: (r,r.)E R iff there exists an x €| M| such that
{(@, b)Y |{x, d, b)Y € Sr} = ri X r,. Since (M, R,(M);" - can be interpreted in M"
the lemma follows.

COROLLARY 2.8. Let Ms(B)=(Aut(B);(B*"",Al(B);Op,- ) and K¢=
{M((B)| B € Ko}, then K. is explicitly interpretable in Ks.

Proor. Immediate from 2.7, for take U,={b|b € B*"} and U, =g for
i>1.

We shall now show how (B*" Al(B); - ‘) can be interpreted in Aut(B).

Let @ C Al(B) and b € B then we define @b ={c|cE€a and c N b#0}.

DeriniTioNs.  Let @ C Al(B); @ will be called an excellent subset of Al(B) if
a is an infinite set of pairwise disjoint elements, for every b € B either
[alb]<W or |[a[~b|<N, and if b€ B and alb is infinite, then there is
¢ € Al(B) such that ¢ Cb and ¢ Nd =0 for every d € a.

Leta b C Al(B) be sets of pairwise disjoint elements, b is called a refinement
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of a if for every ¢ € b there is d € a such that ¢ C d, andif ¢;,c. € b, d € a and
¢, ¢:C d, then ¢; = ¢s.

LEmMMA 2.9. (a) If @ C AI(B) is excellent then there is f € Aut(B) such that
a = At(Inv(f))N Al(B).

(b) If b C AI(B) is an infinite set of pairwise disjoint elements, then b has a
refinement which is excellent.

(c) Let a CAl(B) be excellent and f be an elementary function with the
following properties:

(i) Dom(f)=Rng(f) ={c | for some d € a c C d};

(ii) for every d € a there is e € a such that fl{c|c Cd} is an elementary
function onto {c |c C e}.

Then f can be uniquely extended to an automorphism f of B such that for every c: if
cNd=0 for every d € @, then f(c)=c.

(d) If @ C AI(B) is excellent then there is an excellent b such that for every c € a
there is d € b such that ¢ Cd and d — c#0 and ]{d,del;and fornoc€a
c Cd}| =N,

(¢) Let f € Aut(B), then for no b € B fix(f) N A1(B) = b N AI(B) iff there is
an excellent a C A1(B) such that |a N fix(f)| = 8 and |a N var(f)| = N,, where
var(f) = {c | x € At(B)U Al(B) and for every d € fix(f) d N c = 0}.

(f) If @ C AI(B) is excellent and b is an infinite refinement of G, then a = b, that
is, there is f € Aut(B) such that (@)= b.

(g) Let I C AL(B)U{0} be a complete ideal relative to Al(B) (that is, I is an
ideal in B; and for every b € AI(B), if for every c Eb ¢ NI# D, then b € I);
then there is f € Aut(B) such that fix(f) = (I — {0}) U At(B).

Proor. The proof of (c) is immediate.

Proof of (a). For every ¢ € a let f. be an elementary function from ¢ onto ¢
such that Inv(f.) = {0, c}. Let f = U{f. | c € a} and let f be an extension of f as
in (c) then At(Inv(f))N AI(B)=a.

Proof of (b). Let {b; [ i € w} be an enumeration of B. We define by induction
¢; € B and d, € Al(B) such that

(i) for every i >j, ¢; C¢;

(i) for every i, b1 (c. — U,z d;) is infinite.

Let ¢, =1 and d, be some element of b. Suppose c¢;, d; were defined for every
i<i; bl(c;— U,sd) is infinite so either b | (c; N b — U;z:d;) or bl (c; — b —
U= d;) is infinite. W.lo.g. suppose the first one is infinite and let ¢, =
¢ Nb,— U, d. Let d € b such that fornoj =i, d, Cd and d N ¢;., #0 and let
di1 G d N ¢y Ttis easy to check that {d; | i € w} is an excellent refinement of b.
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The proof of (d) and (e) is by a construction similar to the construction in (b),
and (f) is a corollary of (c) and (d).

Proof of (g). It is sufficient to construct f € Aut(B*") such that fix(f) =
I —{0}, and for every b € B*" (b — f(b)) U (f(b) — b) € A1(B) U {0}; since, if f is
such an automorphism, then fUId[At(B) induces an automorphism of B
which is as required.

Let {e,|i € w} be an enumeration of BA". We define by induction finite
elementary functions f, which satisfy the following induction hypotheses: (1)
Dom(f.)C B*; (2) fo=cl(f.); (3) if a € At(Dom(f,)) and aNI#J or
aZ Al(B) then f,(a)=a; (4) if a € At(Dom(f,)), then either f,(a)=a or
anf,(a)=0.

Let fo={(0,0), (1°*",12*)}. Suppose f, has been defined. We define fas1 80
that its domain and range will contain e.. W.l.o.g. there is a € At(Dom (f,)) such
that e, C a (because we can add e, to the domain of f,., piece by piece). If
e.NIZDor e & Al(B), then f.(a)=a, so f, U{(en, e.)} is elementary, and its
closure satisfies the induction hypotheses.

Suppose e, € Al(B) and e.N1=. Wlog. e.#Za If fi(a)Na=0 let
¢ € f, (@), then ci(f, U {(e,, c)}) satisfies the induction hypotheses. If f.(a) = a
let ¢ Ee_,., then f, U{{e.~c,c), {c,e.—c)} is elementary, and its closure
satisfies the induction hypotheses. After adding e, to Dom(f,.,) we add it to
Rng(f.+1) in a similar way. U.,.c..f. is as desired. Q.E.D.

Let M,(B)=(M(B), FIX*"(B), AV*“(B); €), where FIX*"(B)=
{ix(f)N Al(B)|f € Aut(B)}, AV*'(B)={At(Inv(f)) N Al(B)|f € Aut(B)}
and € is the belonging relation between elements of AI(B) and elements of
FIX*"(B) U AV*“(B). Let K, = {M+(B)| B € K}, then certainly K, is explicitly
interpretable in K.

LemMa 2.10. (a) Let (@) be the formula in the language of K, which says:

(i) a €AV " (B);

(ii) there is a refinement b of @ and b' S b such that b=b'. Then for every
B € Koand a € |[My(B)|: M(B)k @Ja] iff a is an infinite element of AV*"(B).

(b) Let ¢s(a) be the formula in the language of K, which says that a C
AV*™(B), a is infinite, and if b is an infinite refinement of G then b = a. Then for
every B € K, and a € |M.B)|: MAB)F ¢s[a] iff a is an excellent subset of
Al(B).

(c) Let @s(a) be the formula in the language of K, which says: a € FIX*"(B)
and for no excellent subset b C AI(B) b N a is infinite and b N {c J ¢ € Al(B) and
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for every d € a d N ¢ = 0} is infinite. Then for every B € K, and a € |M,(B):
M,(B)k ps[a] iff @ € FIX*“(B) and for some b € B a = b N Al(B).

(d) Let Mg(B)=(Aut(B), B*",B*",Al(B),- -+, R.(B""), - ;) and K=
{M«(B)| B € Ko} then Kj is explicitly interpretable in K.

ProoF. Immediate from 2.9. Notice that if b € B then b N AI(B) is a
complete ideal relative to Al(B).

RemaRK. Notice that in general it is impossible to interpret B in My(B) since
the relation N C B*"x B**, N = {{a,b) J a U b € B} is not one of the relations
included in Mg(B).

LemMa 2.11. Let Mo(B)=(Ms(B), -, Ri*(B*"),--+; -, E, ") where
R “(C) is the set of all finite n-place relations whose domain is a subset of C, and
let Ks= {My(B)| B € Ko} then K is explicitly interpretable in Ks.

Proor. If C C B*"is a finite set of non-zero pairwise disjoint elements then
there are f, g € Aut(B) such that C = At(Inv(f)) N At(Inv(g)). Let C C B*" be
a set of non-zero pairwise disjoint elements, then C is finite iff there is an
excellent set @ C Al(B) such that for every ¢ € C thereisd € a such that d C ¢
and there is ¢, € C such that {d | d € @ and for some ¢ € C —{co}d C c} # a. So
finite sets of pairwise disjoint elements of B" can be interpreted. Let Ci, C, be
finite sets of pairwise disjoint elements and D (C;, C;) = {d(C, ¢)| ¢ € C,} where
d(Cy,¢)= U{c'|c'E Cy and ¢'Nc#0}. D(Cy, C;) can be defined in My(B)
from C, and C; and every finite set of non-zero elements of B*" is D (C,, C;) for
some C, and C,, so arbitrary finite subsets of B*" can be interpreted in Mg(B).
Finite symmetric relations can be defined similarly, and the lemma follows.

If fi,- -+, f. are automorphisms of B and C C B*%, let cl(fy,- - -, f., C) be the
smallest subset of B*" which includes C and is closed under

f1, . .’f",fl—l’ . .,f;l_

LemMa 2.12. (a) In My(B) cl(fi,- -, f», C) is definable from f.,-- -, f., C.
(b) If C C B** then the closure of C in BA" is definable from C in Ms(B).

Proor. The proof is simple.

DEeriNITION.  Let C C B**, C will be called a good generating chain (GGC), if
for every c,d € C either ¢ Cd or d Cc; cI(C)= B*"; and for every c €C,
({d|d € C and (d - ¢)U(c —d)€ Al(B)U{0}}, C ) has the order type of the
rationals.
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LemMMa 2.13. (a) If B2 # {0} then there is a GGC C C B*".

(®) If CC B*" is a GGC and f is an automorphism of (C,C ) such that for
every c € C (c —f(c))U(f(c)—c)€ AI(B)U{0}, then fU(Id| At(B)) can be
uniquely extended to an automorphism of B.

ProoF. (a) is proved by a simple inductive construction, and (b) is im-
mediate.

LemMma 2.14. (a) If CC B*" is a GGC then there are f,,f,,fs, f+ € Aut(B)
such that C = cl(f,, f»,{c | c € B*~, fs(c) = ¢ and fic)2c)).

(b) Let Myo(B)=(MyB),{C|CCB*" and C is a GGC}; €) and K,, =
{M1o(B)| B € Ko} then K., is explicitly interpretable in K.

ProoF. (a) Let D C C be a maximal set with the property that if d,,d,€ D
then d,—d.€ Al(B). Let g; be an automorphism of (C, C) such that
d€ C—-D ift gi(d)—d € Al(B). Let g, be an automorphism of (C, C ) such
that for every ¢ € C gi(c)— ¢ € AI(B). Let g,, g be automorphisms of (C, C )
such that cl(g;,g:, D)= C and for every ¢ € C or (gi(c)—c)U(c—g(c))€E
Al(B)U{0}, i =1,2. Let f; be the extension g U (Id] At(B)) to an automor-
phism of B, i =1,---,4; then fi,---, f, are as desired.

(b} is trivial from (a).

2.15(d) is the strongest interpretability result that we obtain for the class K.

LemMa 2.15. (a) Let CC B*" be a GGC, C,C C be dense in (C, C ) and
D CC, be a maximal set with the property that for every d,,d,€ D, d,—
d, & A1(B). Then there are f., f. automorphisms of (C, C ) such that for every
ceC

(fi(c)—c)U(c—f(c))EAIB)U0}, i=1,2 and C:=cl(f,fs D).

(b) Let C C B*" be a GGC, C,C C be dense and codense in {C, C ) and E be
an equivalence relation on C,. Then there is an automorphism f of (C, C ) such
that for every ¢ € C (f(c)~c)U(c — f(c))€ AI(B)YU {0} and for every c,, ¢, €
Cy, (¢, 2)EE iff |D(Cy, ¢y, f)|=|D(Cy, ¢, f)| < No, where

D(Cy, ¢ f) ={c | @n>0)(f" (c:) = c A (¥k=n)(k >0~ f* (c.)E C - CY)}.

(c) Let My ;(B) = (M(B), U{Eq(C)| C is a GGC in B}; E,), where Eq(C) is
the set of equivalence relations on C, and (a,b,e) € E, iff e is an equivalence
relation on some GGC and {a,b)E ¢; let K;; = {MU(B)’B € Ko}. Then Ky, is
explicitly interpretable in K.
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(d) Ler Mu(B)=(Aut(B),(B*")",(B*",Al(B),---)";0p) and K=
{M2(B)| B € Ko} then K, is explicitly interpretable in K,;.

Proor. (a) and (b) are proved by a simple inductive construction.

(c) For every (C, C,, fo, f1) = = such that: C is a GGC, C, is dense and codense
in C, fo, f1 € Aut(B), and f; | C is an automorphism of { C, C ) such that for every
ceC (filc)—-c)U(c—fi(c))EALB)U{0}, i=0,1;let C;=C—-Co and E, =
{(c1,¢2)||D(Cyc1, £)| =|D(Cy 2, f )|, where ¢, € C; and ¢, € G}, then cer-
tainly dense and codense subsets of a GGC can be interpreted in M,o(B) and E
is definable from 7 in Mo(B).

It follows from (b) that when 7 ranges over all quadruples of the above form,
E. ranges over all equivalence relations on GGC’s. So (c) is proved.

(d) If C C B*" is a GGC then cI(C)= B*" so (B*")" can be interpreted in
(C, C )" (d) follows easily from this fact.

Let As(B) be the set of atomic elements of B, and I(B)={a U b ] a € As(B),
b € AI(B)}.

LemMa 2.16. (a) If B/I(B)# {0} and B./I(B;)=B/I(B) then B = B..
(b) For every BA, C/I(C)= C*/AI(C) U {0} = C*"/As(C).

Proor. (a) Is well known, see e.g. [1] pp. 293-302.
The proof of (b) is easy.

CoroLrary 2.17. If A,B€K; and Aut(A)=Aut(B) then A =B.
Moreover for every complete theory of BA’s T there is a sentence or in the
language of groups such that for every A € K; A F T iff Aut(A)E or.

Proor. The first part of 2.17 follows from the fact (B*", BA", A1(B);---)
can be interpreted in Aut(B). The second part of 2.17 follows easily from the

fact that for every complete theory of BA’s T there is a second order sentence
such that for every BA C: CET ift Ck ¢r.

CoroLLARY 2.18. {B"|B € K} and B has a maximal atomic element} is
explicitly interpretable in {Aut(B) [BEK{, and B has a maximal atomic
element}.

The following theorem appears in [2].
THEOREM 2.19. Assume V = L. If M, N are countable models in the same
finite language and M"=N", then M = N.

CoroLLArY 2.20. (V=L) If A,B € K, A has a maximal atomic element
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and Aut(A)=Aut(B) then A =B.
Proor. Immediate from 2.17, 2.18 and 2.19.

§3. This section is devoted to the proof of the following theorem.

THEOREM 3.1. (V=L) If A and B are countable BA’s, and Aut(A)=
Aut(B), then Aut(A)= Aut(B).

Let us explain the proof. The first tendency would be, of course, to try to
prove that {B"| B is countable} is explicitly interpretable in {Aut(B)|B is
countable}. Then applying 2.19, we would be able to conclude: Aut(A)=
Aut(B)> A"=B"> A =B 3 Aut(A)=Aut(B). However, by McKen-
zie’s and Shelah’s example (see [3]) Aut(A)= Aut(B) # A = B, so this way is
wrong. However this can be amended in the following way. We will find a
countable structure M(B), depending on B, such that: M(A)=M(B) >
Aut(A)= Aut(B). (But M(A)=M(B)# A =B)

Now we shall prove that Aut(A)=Aut(B) > M(A)'=M(B)" > M(A)=
M(B) > Aut(A)= Aut(B). (In fact the situation will be somewhat more
complicated.)

We recall that B™ = BT x B", and that Aut(B) is regarded as a subgroup of
Aut(B™). Let Auto(B)={fog |f g € Aut(B), fIAt(B)=1d and g | Al(B) =
Id. Aut,(B) is definable in Aut(B), so it is normal.

DEFINITION. (a) a € BT U B*" is recognizably small (RS), if there is f €
Auty(B), such that f(a) N a = 0. Denote by RS(B) (and when no ambiguity may
arise, by RS) the set of recognizably small elements of B™.

(b) a € BATU B*" isrecognizably big (RB), if a RS and there is f € Aut(B),
such that f(a) N a = 0. RB(B) and a € RB are understood in the obvious way.

(c) a €RB is called an atom of RB (a € ARB), if for every ¢ C a either
¢cZRB or a - cZRB.

(d) We define the neighboring relation on RB(B); it will be denoted by
Nb(B), or, in short, by Nb. (a,b)ENb if a,b ERB, and a - b,b — a €RS.

(e) We define the relation: “a and b are twins”; it will be denoted by Tn(B),
or, in short, by Tn. (a,b) € Tnif: (1) a ERBN B*" and b € RB N B*"; and (2)
for every f € Aut(B), f(a)Na €RS iff f(b)N b ERS.

In the following lemma, we summarize some trivial observations.

Lemma 3.2. (a) a ERS iff a € As(B)U Al(B), and for some f € Aut(B),
f(a)Na=0.
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(b) a ERB iff a € (BA"U B*")—~ (As(B) U Al(B)), and for some f € Aut(B),
f(a)Na=0.If a €RB and c C a, then either c ERB, or c ERS.

(©){a,b)ENDb iffa,b €ERB, and (a — b)U (b — a) € I(B); so obviously, Nb is
an equivalence relation.

(d If acRBNB*", bERBNB*" and aUbEB, then (a,b)ETn. If
(a,a’), {b,b’)END, then (a,b)ETn iff (a’,b')E Tn.

(€) If a € RBN BA", then there is b € RB N B*", such that a Ub € B. The
analogous fact for BA* also holds.

(f) The following are equivalent: (1) RB/Nb is infinite; (2) RB contains an
infinite subset of pairwise disjoint elements; (3) Aut(B)/Auty(B) is infinite.

(g) If RB/NbD is infinite, then there are sequences {a; ’ i € w} and {b , i € w},
such that for every i,j € w, i#j: {a,b)ETn and (a,b; )& Tn.

PrROOF. (a)—(e) are trivial.

Proof of (f). Clearly (2) > (1). (1) > (2): Assume (1). If ARB/ND is infinite,
let {a; li € w} be a set of representatives from distinct equivalence classes of
ARB/Nb; let b, = a, — U, .. a;, then {b; ] i € w}is as desired. If ARB/Nb is finite,
let{a,,- -, a.} C ARB N B*" be a set such that for every D € (ARB N BT)/Nb:
|D N{ay, - -, a.}| = 1. Then, since RB/Nb is infinite, there is ¢ € RB such that
cCc1®-U..,a. Certainly, there is no d C ¢ such that d € ARB. So again it is
easy to construct an infinite subset of RB of pairwise disjoint elements.

(3) => (1): Assume — (1). For f,g € Aut(B) we define f ~ g iff for every
a ERB (f(a),g(a)) € Nb. Clearly ~ is an equivalence relation with finitely
many equivalence classes, and f ~ g iff fg™' € Auto(B). So Aut(B)/Auty(B) is
finite and — (3) is proved.

(1) > (3): Distinguish again between the cases that ARB/NbD is finite, or
infinite; in both cases the proof is very easy.

(g) Let {a , i€ w}, {b ] i €E w} be sets of pairwise disjoint elements of
RB N BT, RB N B** respectively, such that for every i € w, a, Ub; € B. We
first show: (#) If i # j and (a,, b; ) € Tn, then for every f € Aut(B):if f(a)Na: €
RS, then (f(a:), a; ) € Nb. So suppose i # j, (a;, b;) € Tn, and let f € Aut(B) and
f(a)Na, ERS.

There are a;C a, biC b such that (a},a;), (bi,b)E Nb and f(aiUb)N
(aiU b})=0. Clearly a;U b;E B, and by (c) and (d) w.l.o.g. a; = a}, b = b}, so
f(a; Ub)N(a; Ub)=0. Suppose by contradiction (a;,f(a;)) & NB. If a;—
f(a:) € RS, then since a, Ub, a; Ub; € B, b, — f(b) £ RS.

Let g=fl(aUb Uf(a;Ub))UId] (1~ (a: Ub Uf(aiUb))); then g(a;)N
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a; = 0but g(b;) N b; = b; — f(b;) € RS, a contradiction. A similar contradiction is
obtained if we assume that a; — f(a;) € RS but f(a;)— a; € RS. So (*) is proven.

(*) implies that for every i € w [{j |{a, b;) € Tn}| = 2. Since for every i € o,
a; Ub, € B, for every f€ Aut(B): f(a;)Na: €RS iff f(b)N b €RS. This
implies that for every i,j € w: (a, b;) € Tn iff (a; b )€ Tn. So, the relation
{€i, i ] (a;, b;) € Tn} is an equivalence relation, and all of its equivalence classes
are of power =2, so (g) follows.

Let Ki={B | B € K, and Aut(B)/Aut«(B) is finite}, K;= Ko~ K; and K/ =
{M;(B) I B € Ki}. So there is a sentence ¢ such that for every B € K,,
Aut(B)E ¢ iff B € K.

LemMma 3.3. Let Myu(B)=(Aut(B),(B™)";0p) and K= {M13(B)|
B € K2} then K3, is explicitly interpretable in K%,.

Proor. Let ¢s(C,D) be the formula in the language of K, which says
C C B*", D C B** and there exist C; C B*", D, C B*" such that |C|=|C\|,
|D|=|D,|, the relation {(c,d)[cECl, d€D; and (¢,d)ETn} is a 1-1
correspondence between C; and D,. Then obviously if B € K3, C,D € [M(B)|
then: M,(B)k ¢s[C, D] if CC B*", D CB*" and |C|=|D|. We now show
how to interpret in My;(B), B € K} equivalence relations of B*TU B*". Let
g:B*"—> B*", h: BA"— B*" be arbitrary functions and let

Eqm={(x,y)|xy EB**UB*"" and [g7(xhUh({x})I
=[g"(yh Uk (yDl}-

The functions from B*" to B*" and from B*" to BA™ belong to M,(B); when
B € K} E 4 is definable from (g, h ) in M1»(B); and when (g, h ) ranges over all
possible pairs, E ., ranges over all equivalence relations on B*"U B**. (B™)"
can easily be interpreted in (B*TU B*")". So the lemma is proved.

Let M (B)=(B™, Aut’ (B); Op, - - -)" where

Aut’ (B)={g!D|g € Aut(B),D CB™ and |D|<N,}
and
K% ={M.(B)| B € K3}.
Certainly K3, is explicitly interpretable in Kis.

LEmMMA 34. (V=L) Let A €K}, B be any BA such that |B|=N, and
Aut(A)=Aut(B), then Aut(A)= Aut(B).
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Proor. There is a sentence y in the language of groups such that for every
BA C if |C| =Ny, then Aut(C)E x iff C € K3. So since Aut(A)= Aut(B) and
A€EK; BEK; So Mu(A)=M.(B). By 219 (A™ Aut/(A); )=
(B™,Aut/ (B); ). So Mi(A)=M(B). Let @o(f) be the formula in the
language of K. which says: f € Aut(B™), and for every finite subset D C B™:
fIDEAut(B). It is easily seen that for every CE€Kj;: Aut(C)=
if l M.(C)E ¢s[f]}. So since for every C € Ki: Aut{C) is defined in M,(C) by
the formula ¢, and M,(A)= M,(B), Aut(A)= Aut(B). So the lemma is
proved.

Let Aut,(B) be the following subgroup of Aut(B™):

Aut,(B) = {f|f € Aut(B™) and for some f,, f, € Aut(B):
frBAT=ferAT and f[BAL=f2rBAL}.

LemMa 3.5. (a) If a € ARB(B) and |{f(a)|f € Aut(B)}/Nb|>2, then for
every bE BATUB*": (a,b)ETn or (b,a)ETn iffaUb EB.

(b) If a€ARB(B) and |{f(a)|f€ Aut(B)}/Nb|=2, then for every
beB*TUB*": (a,b)ETn or (b,a)ETn iff either a Ub € B, or for every
f € Aut(B): if f(a)N a €RS, then f(a)U b € B.

(c) Let B € K}, |(ARB N BAT)/Nb| = k, {a;,--,a } CARBN BT and if i #
(a,a;)ZNDb, and let by, -, b, be such that for every 1=i=k: {(a,b )€ Tn.
Then: (1) for every f € Aut,(B), there are permutations AT, fAt of {1,---,k},
such that for every 1 =i =k (f(a)), ajarsy) € Nb, and (f(b:), bjary) € Nb; (2) for
every f € Aut,(B): f € Auto(B) iff fA"= f*".

ProofF. (a), (b) and (c) (1) are trivial. It is easy to see that if f € Aut(B), then
FAT= fA". We now prove that if f € Aut,(B) and f*" = f*, then f € Aut(B).

By (a) and (b) we can w.l.o.g. assume that for some r 2 0: for every i =r:
Azi-1 U bai, a4z U by € B, and for every 2r<i=k: a; Ub € B. Let a, be the
maximal atomic element of B™, ay.1= ao— U:;, a; and by, = —ao— UL,bi
then a.+; U by € B, and it is easy to see that for every g € Aut,(B), a C @+
and b Chii: (a—g(a))U(g(a)—a)E As(B) and (b—-g(b))U(g(b)—-b)E
Al(B) U {0}.

In order that f € Aut(B), it suffices that for every ¢ € B: f(c) € B; so let
cEB. Forevery 1=i=k+1let c,=cN(aUb;), where i'=i for 2r<i =
k+1, 2i—1Y=2i and Qi) =2i—1for 1Zi=r; ¢ €B, so it is sufficient to
show that for every 1=i=k+1: f(¢)EB. Certainly (cxs+1— f(Ces1))U
(f(ck+1) = Cx+1) €E I(B), s0 f(ck+1)E B. Suppose 2r <i=k. If ¢; N a; € As(B),
then c: € I(B), so f(c;) € I(B) C B. Otherwise (c; N a;, a;), {c; N b, b;) E Nb, so
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(f(a.« n Cj), a["\T(i)>, <f(b, n C,‘), bfAT(i)> (S Nb Since fAT(l) > 2’, af"T(i) U bf‘“'(,') e B,
so f(¢i)=f(a Nc)Uf(b: N¢;) E B. A similar argument holds when i =2r. So
f(c)€ B, and the lemma is proved.

LemMa 3.6. (V=L) Let A €Ki, B be any BA such that |B|{=N, and
Aut(A)= Aut(B), then Aut(A)= Aut(B).

ProOF. Suppose Nb has exactly 2n equivalence classes in A. Let Py, -, P,
be the set of all (distinct) equivalence classes of Nb which are included in A*"
and Q,, - - -, Q. be those which are included in A *™; we choose the Q;’s so that
for every i, a € P, and b € Q, implies {(a, b) € Tn. Let P=(,--,P), QO=
(Qy,-++,Q.) and Mys(A, B,Q)=(Aut(A),(A*"; P)", (A" AI(B), 0)"; Op)
where the P;’s and Q.’s are considered to be unary predicates. Let T be the
complete theory of Mis(A, P, Q) and 5=
{Mis(A',P',3")| Mis(A', P', Q") T}. It is easily seen that there are P}, Q'C B
such that Ms(B, P', Q') € K%. Under the assumption that V = L we shall show
that all the models of K[; are isomorphic. Let C be a BA and Aut*” (C) =
{f1 D|f€ Aut (B)and D is a finite subset of C*T}; Aut*" is defined similarly.

Suppose My5(C,P,0)€ KT and let

Mi(C, P, Q) = ((Aut*™ (C), C*", B,Op)", (Aut*" (C), C**; , Op)")

and K{; = {Ms(C, P,0)| Mis(C, P, O)F T}.

Certainly K s is explicitly interpretable in K {5, and we shall show that also K {5
is explicitly interpretable in K.

Let Aut*™(C) = {f| C*T| f € Aut(C)} and Aut*"(C) be defined similarly. We
first show that f € Aut®”(C) iff f€ Aut(C*") and for every finite D C C*"
f1 D e Aut*” (C). For let ay, -+, a,, bs,- -, b, belong to Py, -+, P, Qy, -+, Q.
respectively so f[{ai," -, a.} can be extended to an automorphism g of C. It is
easy to see that f U (g [ B*") can be extended uniquely to an automorphism of C.
A similar statement holds for C*".

Suppose My(C, P, )€ K7 and let

My;(C, P, Q) = ({Aut*™(C), C*™; B, Op), (Aut**(C), C**; O, Op)),

and and KT, ={M;(C, P,3)|Ms(C, P,0)€ K}. It follows that KT, is exp-
licitly interpretable in K {. From 3.6(c) it follows that K is explicitly interpreta-
ble in KT;, so we have proved that Ks is explicitly interpretable in K{.

By 2.19 all the models of K s are isomorphic, so the same is true for K{s. So
Ms(B,P', ") = M5(A, P, Q) so Aut(B)= Aut(A). Q.E.D.
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CoroLLary 3.7. (V =L) If A and B are any countable or finite BA’s and
Aut(A)=Aut(B) then Aut(A)= Aut(B).

Proor. If A € K, then the claim of the corollary follows from 3.5 and 3.6; if
A& K, then it follows easily from 2.1.
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