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ON THE AUTOMORPHISM GROUPS 
OF COUNTABLE BOOLEAN ALGEBRAS  

BY 

MATATYAHU RUBIN t 

ABSTRACT 

We prove categoricity results for the class {(B, Aut(B)) I B is a countable BA}. 

w Introduction 

If A is a Boolean algebra (hereafter denoted by BA) let At (A)  denote the set 

of atoms of A. Let K~ = {A I A is a countable or finite BA and IAt(A)I ~ 1}. A 

and B always denote members of K~ and A u t ( A )  denotes the automorphism 

group of A. 

J. D. Monk conjectured that for every A, B ~ K~, A u t ( A ) ~  Aut (B) implies 

A ~ B. In [4] he proved the special case of this conjecture when At (A) is finite. 

R. McKenzie [3] and independently S. Shelah refuted this conjecture by showing 

two non-isomorphic BA's in K~ having isomorphic automorphism groups. On 

the other hand McKenzie in [3] proved that Monk's conjecture is true when A is 

atomic or even when A has a maximal atomic element. The question what 

information about A is contained in Aut (A) when A is an arbitrary member of 

K~ remained unsettled. Thus, for instance, McKenzie in [3] asked whether 

Aut(A ) -- Aut(B) implies A -= B. 

By interpreting in Au t (B)  a certain fragment of the second order logic of B 

(Theorem 2.15(d)) we answer McKenzie's question affirmatively. We actually 

prove a somewhat stronger result (Corollary 2.17): 

THEOREM. For every complete theory of B A  's T there is a sentence ~PT in the 

language of groups such that for every B E K~ B ~ T i f f  A u t ( B ) ~  ~Or. 

";" This paper is part of the author's doctoral dissertation prepared at The Hebrew University under 
the supervision of Professor Saharon Shelah. 
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Another corollary from 2.15(d) is, that if B is infinite and atomic then B H is 

explicitly interpretable in Aut (B) (see w 1), where B n is the second order model 
of B, i.e. 

B"=(B,~,(B),...,~t,(B),...; U, A, - ,0 ,1 ,E~, . . . ,E , , . . . ) ,  

~ ,  (B) is the set of n-place relations on B and 

( a l , . . . , a , , r ) E E ,  if[ r ~ , ( B )  and ( a l , . . . , a , ) E r .  

Using a theorem from [2] we conclude: 

THEOREM. ( V = L )  I f  A has a maximal atomic element and A u t ( B ) =  
Aut (A ) then B - -A.  

Thus assuming V = L McKenzie's result can be strengthened. 

By [2] it is however consistent that there are 2"o non-isomorphic countable 

superatomic BA's with elementarily equivalent automorphism groups. 

In w we prove the following theorem: assume V = L  then if Aut(A)- -  

Aut(B) then Aut(A)--  Aut(B). 

We do not know the answer to the following question: Let B be a countable 

BA; is it possible to interpret in Aut(B) the set of all isomorphism types of 

countable BA's whose automorphism group is isomorphic to Aut (B)? To make 

the question precise let M(B)  = (if(B),  U : U, O ), where i f(B) is the set of 

isomorphism types of countable BA's whose automorphism group is isomorphic 

to Aut(B), U, n _c if(B) x U 3 and for every r E if(B) the relations 

U u} 

and 

n ={(x,y,z)l(r,x,y,z)E o}  
, r  

define a BA on their (common) domain of isomorphism type z. 

Let K = IAut (B) l  I n I --- and L =  M(B)I I n I_- < is Z explicitly inter- 
pretable in K? 

We conjecture that the answer to this question is negative, even if we restrict 

ourselves to the class of all models of some complete theory of BA's T. 

See [6] and [7] for results complementary to the results in this paper. 

I thank J. D. Monk for detecting many errors, and for many helpful 

suggestions concerning the presentation of these results. 
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w 1. Definitions and notations 

DEFINITION. Let K and K* be classes of models in the language L and L* 

respectively, h : K --* K* be an onto function. Then K* is explicitly interpretable 

in K relative to h, if there are first order formulas of L ~ u ( x l , ' " , x , ) ,  

q ~ ( x l , - . . , x , , y l , .  " , y , ) ,  for every m-place relation symbol R E L *  

~R (x ~,. �9 x ~ , . . . ,  c 7," �9 ", x ' : )  and for every m-place function symbol F E L * 
1 m m ~F(x~, . . . ,x , , . . . ,x t , . . . ,x , ,y~, . . . ,y , ) ,  such that for every M E K  

if M* = h (M) then there is an onto function 

f :{ (al , . . . ,a , ) lM~u[a~, . . . ,a ,]}- ->lM* I such that for every d,/~E 

Dora(f)  [ ( d ) = / ( / ~ )  if[ M~q~Eq[d,G], for every R E L *  and d 1 , . . . , d " E  
Dom(f)(f(ti~), . .  . , /(din)) ~ R M" if[ M ~  ~R (d~, "" ", d m) and for every F E  L* 

t i ' , . - . ,  d m,/~ E Dom (f)fM" 0e(t~'), . .  ., f ( a "  ) )= f(/~)if[ M ~ ~oF ( ~ ' , . . - ,  d",/~). 

The constants and operations in a BA are denoted by 0, 1, t.;, f ) ,  - ,  and the 

partial order induced on the BA is denoted by C .  If B is a BA and C C B, then 

cl(C) denotes the subalgebra of B generated by C, and Alg (C) denotes its 

algebraic closure, that is, Alg (C) = {b I b E B and there is a formula ~0(x, ~) and 

c l , . - . , c ,  E C such that B ~ ~o[b,c~,. . . ,c,],  and there are just finitely many 

elements b' of B such that B ~ ~[b' ,  c~, . . . ,  c.]}. At(B),  As(B),  AI(B) denote 

the set of atoms of B, the set of atomic elements of B and the set of non-zero, 

non-maximal atomless elements of B respectively. Barred letters ti, /~, ~', d, 

denote subsets of A t ( B ) U A l ( B ) .  If a E B  we define t i = { b l b C a  and 

b ~ At (B)  U AI(B)}; the statement/~ _C At (B)  t_J AI(B) does not imply that for 

some c E B t~ -- b. The direct product of the BA's A and B is denoted by A x B. 

A function f : I M I - - * I N I  is called elementary, if for every a , . . . , a ,  E 

Dora (f) and for every ~ (x~,. �9 x,) in the language of M : M ~ ~ [a~,. �9 an ] iff 

S ~  ~ [f(a~), . .  ",f(a,)]. 
Id denotes the identity function. If D o m ( f ) C A ,  Rng(F)_CB and f is 

elementary then cl0t) denotes the unique extension of f to an elementary 

function whose domain is cl (Dom (f)). 

The universe of the model M is denoted by I M I; b, & f  are used to denote 

elements of the model as well as variables in the language, but in "~( f i ) "  d 

denotes an individual variable, whereas in " M  ~ ~ [t~]" fi denotes an element of 

I MI which satisfies ~. B denotes both a BA and its universe, the same 

convention is used for the group Aut(B).  -~ and =- denote isomorphism and 

elementary equivalence respectively. 

M=(U~, . . . ,U, , . . . ;  R~, . . . ,R  ~.,...,F~,...,F",.~ . . )  denotes the model 

whose universe is [,.J~ U~ (the U~ 's are not necessarily disjoint), and in addition to 
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the relation and function symbols . . .  R , , . . . , . . .  F, . . .  the language of M contains 

for every U, a unary predicate P, such that P 7  = U,. We omit to mention those 

relations and functions which are natural, thus for instance 

(Aut  (B), At(B) ;  o, Op) is abbreviated by (Aut  (B), At ( B ) ; . ,  �9 ) where o is the 

composition operation in Au t (B)  and ( f , a ,b )~Op  iff f E A u t ( B ) ,  a, b E 
A t ( B )  and f(a)= b. 

If M and M '  are models then N = ( M , M ' ; . . . R , . . . )  is the model whose 

universe is I M I t91M' I, the relations and functions of N are those of M, M' ,  the 

R, 's and unary prediates for l M I and I M '  I. (We assume the languages of M and 

M '  are disjoint.) 

The cardinality of C is denoted by I C I. S~, (A) is the set of finite subsets of A. 

w Let KI = {Aut(B)l  B E K~}, M2(B) = (Aut(B) ,At(B) ,AI(B); . . . )  and 

K'2 = {M2(B)I B E K~}. 

THEOREM 2.1. K ~ is expficitly interpretable in K ~. 

PROOF. This is a special case of corollary 1.5 in [5]. 

Let /~ be the completion of B, and ao E/~ be the union of all atoms of 

B. (We regard B as a subalgebra of /~). Let B A~r = 

({aNaolaEB}:l , .JB,  f'lB,-B^T,O, ao) where -B^Ta=ao-a  and B AL= 

({a - a01 a ~ B}: I-I 8, f"l~,-B~-, 0, - a0) where -~"L a = - a 0 -  a, and let B rL = 
BA'rX B ^L. We regard B as a subalgebra of B ~- and B Ar and B ^L as subsets of 

B ~'. Every f E Aut  (B) can be uniquely extended to an element of Aut  (B rL) 
and the set of such extensions is a subgroup of Aut (B rL) so we regard Aut (B) as 
a subgroup of Aut  (BY-). 

We now proceed to interpret (Aut  (B), BAT; Op) in Aut (B) where (f, a, b ) E 

Op iff f ~ Aut (B) ,  a ~ B  xr and b = f (a ) .  

If f is an elementary function, let I n v ( f ) =  {ala = f ( a ) }  and f ix ( f )=  

{ala E At (B) t . JAI(B)  and ti C_ Inv(f)}. 

DEI~NITION. Let f : B ~ B, f will be called a good function if it is elementary, 

A I ( B ) C D o m ( f ) ,  for every b E A I ( B )  f ( b ) =  b and for every b E D o m ( f )  

( b -  f(b))t.J ( f (b ) -b )  is the union of finitely many atoms. 

Notice that if f is a good automorphism of B At, then f t . J Id[B ^L can be 

uniquely extended to an automorphism of B. 

LEMMA 2.2. (a) Let f : B ~ B  be good, C C_B is finite and Dom(f)_C 

cI(AI(B) U C), then f can be extended to a good automorphism of B. 
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(b) There is a good automorphism f of B such that Inv(f)  _C cI(AI(B) U {ao}) 

where ao is the maximal atomic element. 
(c) I[ C C_B is finite, then there is a g o o d / E A u t ( B )  such that I n v ( f ) =  

c l (Al(B)  U C U {ao}). 

(d) If  b E B and I At (B) - /~  I ~ 1 then there is a good f E Aut (B) such that 
fix (f) n At (B)  = 5 N At (B). 

(e) If  a C_ At (B) and I At (B) - ti I ~ 1 then there is a good f E Aut (B) such 
that fix (f) n Aut (B)  = ci. 

PROOF. (C) and (d) are corollaries of (b), and (e) is a corollary of (d); so let us 

prove (b). 

By the remark preceding this lemma, it is sufficient to construct a good 

automorphism f of B ^r, such that Inv(f)  = {0, 1}. So let us assume that B = B At. 

If B is finite then any cyclic permutation of A t ( B )  induces the desired 

automorphism; we thus assume that B is infinite. 

Let {ei I i < to} be an enumeration of B. We define by induction on n < to 

functions f , ;  the induction hypothesis is: 

(*) fn is good, Dom (f,) = AIR (Dom(f , ) )  is finite, and Inv (f,) = {0, 1}. 

Let f0 = {(0,0), (1, 1)}; since B is infinite f0 satisfies (*). 

Let us now prove that if g satisfies (*) and x E At (B) ,  then there is g'_D g, 

such that Dom(g' )=cl(Dom(g)U{x}) ,  and g'  satisfies (*). Let aoE 

A t ( D o m ( g ) )  and x _Cao. If ~ is finite, then Too _C Dom(g) ,  so define g '=g .  
Otherwise, let y ~ Too n g ( ~ ) -  {x}, then g U {(x, y )} is elementary, so define 

g ' = c l ( g U { ( x , y ) } ) .  From all the requirements in (*) let us check that 
Inv (g ') = {0,1}. It is sufficient to show that g' (b)~ b for every element of 
Dom(g ' )  of the form b = a U x, where a E D o m ( g )  and a n a 0 = 0 .  Then, 

g ' ( b ) = g ( a ) U y .  Since y ~ t ]  and y ~ x ,  y l Z a  U x  so g ' (b)~b .  
Secondly, let us prove that if e E B, ao ~ At (Dom(g)) ,  e C ao and both E and 

a-~-E are infinite, then there is g'_D g such that g '  satisfies (*) and D o m ( g ' ) =  

c l (Dom(g)  U {e}). Let x E E n g(a-~); then g,,dc~ = gU{(e ,  e O g ( a o ) - X ) }  is 
elementary, let g ' =  cl(g"). Again it is easy to check that g '  satisfies (*). 

Suppose ]'. has been defined and n is even. (In odd stages we will treat f ~  in 
dr  

the same way.) If e = en/2EDom(f . ) ,  define / .§  Otherwise, let 
{x2, �9 �9 ", xk} = A t ( B )  n Alg (Dom(f . )  U {e}). Let .f'_D .f, be such that: Dora (f ' )  = 
c l ( D o m ( f . ) U { x l , . . . , x . } )  and f"  satisfies (*). This is possible by the first 

argument in the proof. Let { e ~ , . . . , e m } = { e n a l a E A t ( D o m ( f ' ) )  and 

0 ~ e N a ~ a }. Let f~§ D f" be such that Dom (f,+~) = 



156 M. RUBIN Israel J. Math. 

c l (Dom(f , )  t9 {e ~,. . . ,  e "  }) and f,+~ satisfies (*). Such a function exists by our 
preceding arguments, f = I,.,I,<~f, is the desired automorphism. 

REMARK. In the same way one can construct a good automorphism f such 

that for every a E B, if f ( a ) C  a, then a = 0 or a = 1. 

The proof of (a) is almost included in the proof of (b). 

Let M3(B)  = { A u t ( B ) , A t ( B ) , A I ( B ) ,  ~ , ( A t  ( B ) ) ; . . - )  and K;  = 
{M3(B) I B E K~}, From 2.2(e) it follows that K~ is explicitly interpretable in K~. 

DEFrSmON (Monk [4], McKenzie [3] independently). Let ~ C_ At(B) .  t~ will 
be called an excellent subset of At (B)  if ti is infinite and for every b U B either 

N/~ is finite or ti - /~  is finite, and for every b U B, /~tq A t ( B ) ~  ti. 

Suppose M ( B )  is a model of the form {Aut(B),  U ~ ( B ) , . . . ; . . . ) ,  and for 

every f ~ Aut (B), f induces a unique automorphism f* of M ( B )  (this is always 
the case in what follows); let ti = {a~, . . . ,  a, ), /~ = (b~, . . . ,  b, ) be sequences in 

IM(B) I  a n d f  ~ Aut (B)  we denote ti ~ /~  if f*(a,)  = b,, i = 1 , . . - ,  n, and ti ~/~ if 

there is g such that ti &/~ 

LEMMA 2.3. (a) I f  ti C At  (B ) is infinite then there is E C_ (t which is excellent. 

(b) (Monk) I f  ti _CAt(B) is excellent and r is a permutation of (~ then 

there is a unique automorphism f E A u t ( B )  which extends zr t9 

Id r ( (At (B) -  a) U AI(B)), and / is good. 
(c) (McKenzie) I :  ~i C A t ( B )  and for no b ~ B  Ar G = (t, then there is an 

excellent ~ such that ~ fq (t and c - a are both infinite. 

(d) I / t i  _C At (B)  is excellent then there is an excellent b such that b D_ (l and 

E -  (t is infinite. 
(e) I f  (~ C_ b, a is infinite and G is excellent, then d -~ b. 

(f) Let ~oo(5) be the formula in the language of K;  which says: (i) 5 C_ At (B); 
(ii) there are SI~b2C_G a n d / ~ A u t ( B )  such that/(51)=/~2. T h e n / o r  every 

B E K~ and b ~ M3(B): M3(B)~ ~o[G] iff G is an infinite subset of At(B).  
(g) Let ~(F~) be the formula in the language of K~ which says: (i)/~ C At (B)  

and G is infinite ; (ii) for every infinite b~ C b, b~ ~- K Then for every B E K~ and 

/~ ~ M3(B): M 3 ( B ) ~  ~o~[/~] iff b is excellent. 

(h) Let ~2(b) be the formula in the language of K~ which says: (i)/~ _C At (B); 

(i i)/or every excellent (l C_ At(B)  either ~ tq 5 is finite or (t - G is finite. Then/or  

every B ~ K~ and 5 ~ M3 (B ): M3 (B) ~ ~02 [/~] iff for some a E B, a tq At (B) =/~ 

PROOF. (b) appears in 1.1 [4] and is easily checked. (e) follows from (b) and 
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(d), (a) follows from (c) and (e), but can be easily proved directly. (f) follows from 

(a) and (b), (g) follows from (e), and (h) follows from (c). We thus have to prove 

(c) and (d). 
(c) Let {e, ] n E to} be an enumeration of B. We define by induction: a finite 

set of atoms ~,  and an element of B, b,, such that for no b E B ,  b O A t ( B ) =  

b.O &To = O and bo = 1. Suppose T. and b. have been defined. Either b. O e. or 

b, - e, satisfy the induction hypothesis on the b. '  ' s, so define b,+~ to be either 
b, n e. or b. - e,, in such a way that b,+~ will satisfy the induction hypothesis. 
Let x E b n §  and y Eb,+~-ti-~-~. ,  and let C.§ Let ~'= 

U.~,,C',, then ~ is as desired. 

(d) Let {e, I i ~ B} be an enumeration of B. We define by induction b, ~ B and 

T .E  So(At(B)), such that b . n  d is infinite, b0 = 1, ~0 = O. Suppose b,, T. have 

been defined. Let b.+, = b, O e,, if b, O e . n  t~ is infinite; and otherwise let 

b,+~ = b, - e.. Let x E b.+~- a - c~ and c.+~ = c .U {x}. U,~,o2-. is as desired. 

and 

COROLLARY 2.4. Let 

M,(B)  = (Aut (B), At (B), Al (B), ~ ( A t  (B)), B ~'~;..- ) 

K~=  {M4(B)IB E K~}, 

then K~, is explicitly interpretable in K~. 

PROOF. Immediate from 2.3(h). 

COROLLARY 2.5. (a) There is sentence ~ in the language of KI such that [or 

every B E K~, Aut (B) ~ ~ iff I At (B)I < No. 
(b) {B I B ~ K~ and I At (B)I < No} is explicitly interpretable in {Aut (B) I 

B E K~ and I At(B)I < No}. 
(c) I[ A , B  ~ K ~ I A t ( A ) I < I ~ o  and A u t ( A ) - = A u t ( B )  then A ~- B. 

PROOF. Immediate. 
2.5(c) essentially appears in [3] and [4]. We shall now interpret 

(Aut(B) , (BAT) H) in Aut (B) .  This is of course possible only for the class 

Ko= { B I B  E K ;  and l At (B ) l = N0}. S o le t  K, = { M , ( B ) I B  ~ K0}, i = 1 , . . . , 4 .  

If f is a function and x E D o m ( f ) ,  let O r ( f , x ) = m i n ( { i l O < i  and 

f ' ( x ) = x } U { t o } ) ,  t~_CAt(B) is meager if for every b ~ B  if /TNAt (B)  is 

infinite then b n At ( B ) -  t~ is infinite. 

LEMMA 2.6. (a) Let B E Ko, then there is (~ C_ At (B) such that both (t and 

At (B) - a are meager. 
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(b) If  B E Ko, ~ C A t ( B )  is meager, and E is an equivalence relation on ~ then 
there is a good automorphism orb  such that for every x, y E ~ : xEy iff I Or(f, x)l = 

IOr(f, y)l < N0. 
(c) Let 

M5 (B) = ( Aut (B), At (B), A1 (B), B At, 9~1 (At (B) ) , . . . ,  ~ ,  (At (B)), .  �9 �9 ; . . .  ) 

and Ks = {Ms(B ) I B E K0} then Ks is explicitly interpretable in K,. 

PROOF. (a) Let {e~ I i ~ to} be an enumeration of all elements e of B, such that 
O At (B)  is infinite. We define by induction ~ ,  b ,E  S,. (At(B )). ~o = bo = 0 .  If 

a,--~ b: have been defined, let x, y ~ T, O At (B) - ( ~  U b,)  and x ~ y. Let a,+l = 

a~U{x} and b,+l = b,U{y};  then a = U , ~ , ~  is as desired. 

(b) As in the proof of 2.2(b) we can w.l.o.g, assume that B is atomic. Let 

{e, I i E to} be an enumeration of B, and {~ l i  ~ to} be a 1-1 enumeration of the 
equivalence classes of E. We define by induction functions f,. Our induction 

hypothesis is: (*) f ,  is elementary, D o m ( f , ) = A l g ( D o m ( f , ) )  is finite; if 

c E At (Dom (f,)) and e is infinite then f, (c) = c; if x E ~ O Dom(f , )  then f, (x), 
f~ (x ) , . .  -, f~§ (x) are all defined, and i + 1 is the first positive integer i for which 

f ' ( x ) =  x. 
Note that (*) implies f, is good. We first prove the following facts. (1) If g 

satisfies (*) and x E d, then there is g _D g which satisfies (*), x ~ D o m ( g )  and 
g' D o m ( g )  = c l ( D o m ( g ) U  {x, g ( x ) , . . . ,  (x)}). (2) If g satisfies (*), b E B, and 

either b ~ A t ( B ) -  a or there is c E At (Dom(g) )  such that b C c, and g and 

- /~  are infinite, then g U {(b, b)} is elementary, and cl(g U {(b, b)}) satisfies (*). 

Proo[ of (1). Let x C c ~ At(Dom(g)) .  If ~ is finite, then since Dom(g)  = 
Alg(Dom(g)) ,  x ~ Dom(g) ;  so, we define ~ = g. If ~ is infinite, then # - a is 

g t clef 
infinite. Let x l , . . . , x .  E 6 - a  be distinct, g(c)=c,  so = g U { ( x , x , ) ,  
(x~,x2),.. ", (x,_~,x,), (x,, x )} is elementary. Let g = cl(g'), it is easy to check 

that g is as required. 
(2) is trivial. The rest of the proof resembles the last part in the proof of 2.2(b). 

Proo[ o[ (c). It is a well-known fact that if E q ( A )  is the set of equivalence 

relations on A then the class {M"l M is an L-model} is explicitly interpretable in 

the class {(M, Eq ( IMI ) ;  E~>IM is an L-model} where ( a , b , e ) E E 2  iff 

e E Eq (I M I) and ( a, b ) E e. Thus in order to prove (c) it suffices to show how to 

interpret equivalence relations on At (B) in M,(B). We represent Eq (At (B)) by 

the set {(& .f, g)l  ti _C At(B),  .f, g ~ Aut(B)}; 
(~i, f, g ) = ~- represents the equivalence relation E, which is defined as follows: 

( x , y ) E E ,  iff y , x ~ a  and I O r ( f , x ) l = / O r ( f , y ) / ,  or x, y E A t ( B ) - a  and 
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IOr(g ,x) l  = IOr(g ,y) l ,  or x E 4 and y E A t ( B ) -  4, IOr(f ,x) l  = IOr(g ,y) l  , or 

x ~ A t ( B ) -  4 and y E 4 and IOr(g ,x) l  = IOrtf, y)l. Certainly there is a 

formula ~o3(X,y, 4, f ,g) in the language of K4 such that for every B E K o  

x, y, ,l,f, g e IM4(B)I: 

M4(B)}=q~3[x,y, 4 , f ,g]  iff (x,y)~E~./ .s>. 

By 2.6(a) and (b) for every E E E q ( A t ( B ) )  there are 4, / and g such that 

E = E<~1.s>. Hence Eq (At (B)) can be interpreted in M4 (B), and the claim of the 

lemma follows. 

LEMMA 2.7. Let L be any first order language, 

/~1 = { ( M  n, U1,'" ", U,,""" ;E l , ' "  ", E,, " " . ) I M is an infinite L-model,  

U,c_~,(IMI) and IU, I<--I[MII i = 1 , 2 , . . . }  

and let 

/(2 = {(M, U1,-- -, U . , . . . ;  E l , " . ,  E,, �9 �9 �9 )"l M a n d  Ui are as above}. 

Then K.2 is explicitly interpretable in K,~. 

PROOF. Let R be a binary relation on the universe of 

(M, U 1 , ' " ,  U , , . . . ; E ~ , . . . , E . , . . . ) ,  R can be encoded by a set 

s._clMl• U (IMI"• 
n, kEcu 

in the following way: ( r~ , r2 )ER i f f  there exists an x E I M I  such that 

{(ti,/~)1 (x, ti,/~) E SR} = rt x r2. Since (d,/, ~ ( d ~ ) ;  �9 �9 �9 ) can be interpreted in M n 

the lemma follows. 

COROLLARY 2.8. Let M 6 ( B ) = ( A u t ( B ) ; ( B ^ T " , A I ( B ) ; O p ,  ." ") and K6= 

{M6(B)I B E Ko}, then K6 is explicitly interpretable in Ks. 

PROOF. Immediate from 2.7, for take U~ = {/~1 b E B ^r} and Ui = O for 

i > 1 .  

We shall now show how (B^L, AI(B); . . .  ) can be interpreted in Aut(B).  

Let 4 C A I ( B )  and b ~ B  then we define 4 [ b = { c l c ~ 4  a n d c N b f 0 } .  

DEFINITIONS. Let 4 C_ AI(B);  4 will be called an excellent subset of AI (B)  if 

4 is an infinite set of pairwise disjoint elements, for every b E B either 

14 rb l  <No or 14 [ -  bl < No, and if b E B and 4 [b is infinite, then there is 

c E Al (B)  such that c _C b and c n d = 0 for every d U 4. 

Let & 6 C_ Al (B)  be sets of pairwise disjoint elements,/~ is called a refinement 
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of ?t if for every c ~ G there is d E ?t such that c _C d, and if cl, c2 (E/~, d ~ ?t and 

c~, c2 _C d, then c~ = c2. 

LEMMA 2.9. (a) I f  ?t C_ AI(B)  is excellent then there is f ~ A u t ( B )  such that 

?t = At (Inv (f)) O AI (B). 

(b) I f  b C_ Al  (B)  is an infinite set of pairwise disjoint elements, then b has a 

refinement which is excellent. 

(c) Let ?t C_ AI(B)  be excellent and f be an elementary function with the 

following properties: 

(i) Dom(f )  = R n g ( f ) =  {c I for some d E ?t c _Cd}; 
(ii) for every d E ?t there is e E ?t such that f r {c I c c_ d} is an elementary 

[unction onto {c I c c_ e}. 

Then f can be uniquely extended to an automorphism f of B such that for every c: if 

c O d = 0 for every d E r then f ( c )  = c. 

(d) I f  ~ C_ AI (B ) is excellent then there is an excellent G such that for every c E ?t 

there is d E b  such that c C d  and d - c ~ O  and I { d l d E b  and [or no c E ? t  

c C d}l = N0. 

(e) Let f E A u t ( B  ), then[or no b E B f ix ( f )n  A I ( B ) = / ~ n  AI(B)  iff there is 

an excellent ?t _C AI(B)  such that I?t O fix(f)l = ~Io and la n var(f)l  = No, where 

vat (f) = {c I x ~ At (B) O AI (B)  and for every d E fix if) d n c = 0}. 

(f) I f~  _c AI(B)  is excellent and b is an infinite refinement of?t, then a ~ b; that 

is, there is f E A u t ( B )  such that f(?t) = K 
(g) Let I C A I ( B ) U  {0} be a complete ideal relative to AI(B)  (that is, I is an 

ideal in B;  and for every b E AI(B),  if for every c E 5 ~ n I ~ f~, then b E I); 
then there is f E A u t ( B )  such that fix(f) = (I - {0}) U At(B) .  

PROOF. The proof of (c) is immediate. 

Proof of (a). For every c E ?t let fc be an elementary function from t~ onto 

such that Inv(fc) = {0, c}. Let f = U {fc I c E ?t} and let f he an extension of f as 

in (c) then At ( Inv( f ) )O A I ( B ) =  & 

Proof of (b). Let {bi I i E to} be an enumeration of B. We define by induction 

c, ~ B and d, E AI(B)  such that 

(i) for every i > j ,  q _C cr; 

(ii) for every i, /~ r (c, - Urn, dr ) is infinite. 

Let Co = 1 and do be some element of/~ Suppose cr, dr were defined for every 

j _--< i; /~r ( c , -  Urn, dr) is infinite so either/Tr (c, n b , -  Urn, dr) o r / ~ t ( q -  b~ - 
Uj~,dr)  is infinite. W.l.o.g. suppose the first one is infinite and let q+l = 

c, O b, - Urn, dr. Let d E/~ such that for no j _-< i, d r C d and d n c,+1 ~ 0 and let 
~§ ~ d n c,+1. It is easy to check that {d~ I i E to} is an excellent refinement of/~ 
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The proof of (d) and (e) is by a construction similar to the construction in (b), 

and (f) is a corollary of (c) and (d). 

Proof of (g). It is sufficient to construct f ~ A u t ( B  AL) such that f ix ( f )=  

I - {0}, and for every b ~ B AL (b - f(b)) U (f(b) - b) E AI(B)  tA {0}; since, if f is 

such an automorphism, then f U I d r A t ( B )  induces an automorphism of B 
which is as required. 

Let {ei [i E ~o} be an enumeration of B AL. We define by induction finite 

elementary functions fn, which satisfy the following induction hypotheses: (1) 

Dom(f,)_CBAL; (2) f . = c l ( f , ) ;  (3) if a ~ A t ( D o m ( f . ) )  and a D i d O  or 

a ~ A I ( B )  then f , ( a ) =  a ;  (4 ) i f  a E A t ( D o m ( f , ) ) ,  then either f , ( a ) =  a or 

a D f . ( a ) = O .  
B A L  

Let fo = {(0,0), (1 , ls'L)}. Suppose f. has been defined. We define f.§ so 
that its domain and range will contain e,. W.l.o.g. there is a E At (Dom (f,)) such 
that e, _C a (because we can add e. to the domain of f,§ piece by piece). If 

e, fq I #  Q or e, ~ AI(B),  then f. (a)  = a, so fn U { (e,, e. ) } is elementary, and its 
closure satisfies the induction hypotheses. 

Suppose e, E A I ( B )  and e . O l = f D .  W . l . o . g . e . ~ a .  If f , ( a ) n a = O  let 

c ~ f, (ci), then cl(f, t_J {(e,, c )}) satisfies the induction hypotheses. If f, (a)  = a 

let c E e , ,  then f . U { ( e , - c , c ) ,  ( c , e . - c ) }  is elementary, and its closure 

satisfies the induction hypotheses. After adding e, to Dom(f,§ we add it to 

Rng(f,§ in a similar way. I . . J .~f .  is as desired. Q.E.D. 
Let MT(B)=(M6(B), FIXAL(B), AVAL(B); E) ,  where F IX^L(B)=  

{ f i x ( f ) D A l ( B ) l f E A u t ( B ) } ,  A V A L ( B ) = { A t ( I n v ( f ) ) O A I ( B ) I f ~ A u t ( B ) }  
and ~ is the belonging relation between elements of AI (B)  and elements of 

FIX AL (B) U AV AL (B). Let K~ = {MT(B)[B E Ko}, then certainly K7 is explicitly 
interpretable in K6. 

LEMMA 2.10. (a) Let ~p,(ci) be the formula in the language of K7 which says: 
(i) a ~ AVAL(B); 

(ii) there is a refinement b of a and b '~  b such that b ~ 5'. Then for every 

B ~ Ko and ~ E [MT(B)[: M7(B) ~ ~p4[ci I iffa is an infinite element of AVAL(B). 
(b) Let ~5(ci) be the formula in the language of K7 which says that ~t C_ 

AVAL(B), ci is infinite, and if G is an infinite refinement of a then G ~ ~. Then for 
every B E Ko and a E/MT(B)I: MT(B)~ q~5[ci] iff f~ is an excellent subset of 
AI(B).  

(c) Let ,#6(t~) be the formula in the language of K7 which says: a ~ FIX^L(B) 

and for no excellent subset b C AI(B) /~  t3 a is infinite and G f3 {c ] c E AI(B)  and 
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for every d E a d tq c = 0} is infinite. Then for every B E Ko and Et E IM7(B)I: 

MT(B)~ ~6[ti] iff ?t E FIXaL(B) and for some b ~ B a =/~ A AI(B).  

(d) Let Ms(B) = ( A u t ( B  ),BaT, BaL, A I (B  ), " " ", ~ ,  ( B A r ) , ' ' ' ;  . .  ") and Ks= 

{Ms(B) I B E Ko} then Ks is explicitly interpretable in KT. 

PROOF. Immediate from 2.9. Notice that if b E B then /~NAI(B)  is a 

complete ideal relative to AI(B).  

REMARK. Notice that in general it is impossible to interpret B in Ms(B) since 

the relation N _C B a T x  B AL, N = {(a, b )[ a tJ b E B} is not one of the relations 

included in Ms(B). 

= . . , ~ ,  (B ) , . .  . , . .  ., LEMMA 2.11. Let Mg(B) (Ms(B) ,"  <~ aL . E , , " ' )  where 
<,~'(C) is the set of all finite n-place relations whose domain is a subset of C, and 

let K9 = {M9 (B ) I B E Ko} then K9 is explicitly interpretable in Ks. 

PROOF. If C _C B AL is a finite set of non-zero pairwise disjoint elements then 

there are f, g E Aut (B)  such that C = At (Inv(f)) f3 At (Inv (g)). Let C C_ B AL be 

a set of non-zero pairwise disjoint elements, then C is finite iff there is an 

excellent set t] _C AI(B)  such that for every c E C there is d E a such that d _C c 

and there is CoE C such that { d [ d  E ti and for some c E C - {co}d C_ c } ~  a. So 

finite sets of pairwise disjoint elements of B aL can be interpreted. Let C1, C2 be 

finite sets of pairwise disjoint elements and D ( C~, C2) = { d ( C~, c ) l c E C2} where 

d ( C , , c ) =  t_J{c'[c'EC1 and c ' N c ~ O } .  D(C1, C2) can be defined in Ms(B) 
from C, and C2 and every finite set of non-zero elements of B AL is D (C~, Cz) for 

some C~ and Ca, so arbitrary finite subsets of B"L can be interpreted in Ms(B). 
Finite symmetric relations can be defined similarly, and the lemma follows. 

If f~,. �9 . , f ,  are automorphisms of B and C _C B aL, let cl(fl, �9 �9 .,f, ,  C) be the 

smallest subset of BaL which includes C and is closed under 

f , , . . . , f , , f ; 1 , . . . , f : , .  

LEMMA 2.12. (a) In M9(B) c l ( f , , - . . , f , ,  C) is definable from f , , . .  ",fn, C. 
(b) I f  C C B aL then the closure of C in B AL is definable from C in M9(B). 

PROOF. The proof is simple. 

DEFINITION. Let C _C B ^L, C will be called a good generating chain (GGC), if 

for every c,d E C either c _C d or d _C c; c l ( C ) =  BaL; and for every c E C, 

({d I d E C and ( d -  c ) ( 3 ( c -  d)EAI(B) tA{0}},  _C ) has the order type of the 

rationals. 
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LEMMA 2.13. (a) I f  B ^ L ~ { o }  then there is a G G C  CC_B AL. 

(b) I[ C C_ B AL is a G G C  and [ is an automorphism o[ ( C, C_ ) such that [or 

every c ~ C ( c - [ ( c ) ) U ( / ( c ) - c ) E  Al (B)U{O},  t h e n / U ( I d [ A t ( B ) )  can be 
uniquely extended to an automorphism of B. 

PROOF. (a) is proved by a simple inductive construction, and (b) is im- 
mediate. 

LEMMA 2.14. (a) I f  C C B  AL is a G G C  then there are f , , f 2 , f 3 , f 4 E A u t ( B )  

such that C = cl(fa, f2,{c I c ~ B ^L, f 3( c ) = c and f 4( c ) ~ c } ). 

(b) Let Mao(B)=(Mg(B),{CICC_B ̂ L and C is a GGC};  E )  and Kao = 
{Mao(B ) I B ~ Ko} then K~o is explicitly interpretable in Kg. 

PROOF. (a) Let D _C C be a maximal set with the property that if dl, d2 E D 

then d a - d 2 ~ A l ( B ) .  Let g3 be an automorphism of (C, _C ) such that 

d E C -  D iff g 3 ( d ) - d  ~ AI(B) .  Let g4 be an automorphism of (C, _C ) such 
that for every c E C g 4 ( c ) -  c E AI(B).  Let g~, gz be automorphisms of (C, _C ) 

such that cl(ga, g ~ , D ) =  C and for every c E C or ( g , ( c ) - c ) U ( c - g , ( c ) ) E  

AI(B)U{0},  i = 1,2. Let ~ be the extension g, U ( I d [ A t ( B ) )  to an automor- 

phism of B, i = 1 , . . . , 4 ;  then f~, . . . , f4  are as desired. 
(b) is trivial from (a). 

2.15(d) is the strongest interpretability result that we obtain for the class Ko. 

LEMMA 2.15. (a) Let C C_ B AL be a GGC, C1 C_ C be dense in ( C, C_ ) and 

D C_ Ca be a maximal  set with the property that for every dl, d2E D, d , -  

d 2 ~ A l ( B ) .  Then there are f~,f2 automorphisms of ( C, C ) such that for every 

c ~ C  

@ ( c ) - c ) U ( c - f ~ ( c ) ) E A I ( B ) U { O } ,  i = 1 , 2  and Cl=cl( /1, f2,  D) .  

(b) Let C C B AL be a GGC, C, C_ C be dense and codense in ( C, C ) and E be 

an equivalence relation on C1. Then there is an automorphism f of (C, C_ ) such 

that for every c E C (/(c ) -  c) U (c - f (c  )) E AI(B)  U {0} and for every cL, c2 E 

Ca, (ca, c2)E E iff ID(C, ,  ca,f)l = ID(C, ,  cz,]:)[ < No, where 

D(Ca, c,,f) = { c / ( a n > 0 ) ( / "  (c,) = c A (Vk<-n) (k  > 0--*f  k (c,) E C - C,))}. 

(c) Let MI , (B)  = (m~o(B), U {Eq(C)] C is a G G C  in B}; Ez), where E q ( C )  is 

the set of equivalence relations on C, and ( a, b, e ) E E~ iff e is an equivalence 

relation on some G G C  and ( a, b ) E e ; let K,1 = {Ma,(B) I B E K0}. Then K~a is 

explicitly interpretable in K~o. 
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(d) Let M,2(B)=(Aut (B) , (BAT)" , (BAL,  A I ( B ) , " ' ) " ; O p )  and K,2 = 

{M12(B ) I B E K0} then KI2 is explicitly interpretable in KH. 

PROOF. (a) and (b) are proved by a simple inductive construction. 

(c) For every ( C, Co, fo, fl ) = r such that: C is a GGC,  Co is dense and codense 

in C, f0,f~ E Aut (B), and ~ I C is an automorphism of ( C, _C ) such that for every 

c E C  ~ ( c ) - c ) U ( c - ~ ( c ) ) ~ A l ( B ) U { 0 } ,  i = 0 , 1 ; l e t  C l = C - C o a n d  E~=  

{(cl, c2>llD(C,,cx,y,)l=lD(q, c2,~)l, where c~EC~ and c:EC~}, then cer- 

tainly dense and codense subsets of a G G C  can be interpreted in M~o(B) and E 

is definable from z in M~o(B). 

It follows from (b) that when z ranges over all quadruples of the above form, 
E, ranges over all equivalence relations on GGC's.  So (c) is proved. 

(d) If C C_B AL is a GGC  then c l ( C ) =  B AL so (BAL)" can be interpreted in 

(C, C_ >". (d) follows easily from this fact. 

Let A s ( B )  be the set of atomic elements of B, and I (B)  = {a U b I a ~ As(B) ,  

b E Al(B)}. 

LEMMA 2.16. (a) If  B / I (B )#{O}  and B d I ( B ~ ) - B / I ( B )  then B --BI. 
(b) For every BA, C / I ( C ) ~  CAL/AI(C)U {0} m CAr~As(C). 

PROOF. (a) Is well known, see e.g. [1] pp. 293-302. 

The proof of (b) is easy. 

COROLLARY 2.17. If  A , B  ~ K ~  and A u t ( A ) - - A u t ( B )  then A --B. 

Moreover for every complete theory of B A ' s  T there is a sentence ~o T in the 

language of groups such that for every A E K~ A ~ T i f f  Aut (A)  ~ ~0T. 

PROOF. The first part of 2.17 follows from the fact (B^V, BAL, AI(B);  .. .) 

can be interpreted in Aut (B) .  The second part of 2.17 follows easily from the 

fact that for every complete theory of BA's  T there is a second order sentence {~T 
such that for every BA C : C ~ T i f f  C ~ ~br. 

COROLLARY 2.18. {B"I B E K~ and B has a maximal atomic element} is 

explicitly interpretable in { A u t ( B ) I B E K ~  and B has a maximal atomic 

element}. 

The following theorem appears in [2]. 

THEOREM 2.19. Assume V = L. If  M, N are countable models in the same 

finite language and M "  =- N",  then M = N. 

COROLLARY 2.20. ( V = L )  If  A, B ~ K~, A has a maximal atomic element 
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and Aut (A)  -= Aut (B) then A = B. 

PROOF. Immediate from 2.17, 2.18 and 2.19. 

w This section is devoted to the proof of the following theorem. 

THEOREM 3.1. ( V =  L) If  A and B are countable BA's,  and A u t ( A ) =  

Aut (B), then Aut (A)  ~ Aut (B). 

Let us explain the proof. The first tendency would be, of course, to try to 

prove that {BHIB is countable} is explicitly interpretable in { A u t ( B ) I B  is 

countable}. Then applying 2.19, we would be able to conclude: A u t ( A ) -  

Aut (B)  ::> A u __= B ~ f f  A ~- B :ff Aut (A)  ~- Aut (B). However,  by McKen- 

zie's and Shelah's example (see [3]) A u t ( A )  - A u t ( B )  ~ A ~ B, so this way is 

wrong. However  this can be amended in the following way. We will find a 

countable structure M(B),  depending on B, such that: M ( A ) = M ( B ) ~  
A u t ( A ) ~ A u t ( B ) .  (But M ( A  )= M(B)  r;~ A = B.) 

Now we shall prove that A u t ( A ) - - A u t ( B )  ~ M ( A )  u -  M(B)  H ~ M(A)~-  

M ( B ) ~  A u t ( A ) - A u t ( B ) .  (In fact the situation will be somewhat more 

complicated.) 

We recall that B TL = B Ar x B AL, and that Aut (B)  is regarded as a subgroup of 

Aut(BTI'). Let Au to (B)=  {.fog I.f,g E Aut (B) ,  .f r A t ( B )  = Id and g IAI (B)  = 

Id. Auto(B) is definable in Aut (B) ,  so it is normal. 

DEFINITION. (a) a E B ATu B AL is recognizably small (RS), if there is .f E 

Auto (B), such that .f(a) n a = 0. Denote  by RS (B) (and when no ambiguity may 

arise, by RS) the set of recognizably small elements of B a~. 

(b) a E B AT U B AL is recognizably big (RB), if a ~ RS and there is f @ Aut (B), 

such that [(a) n a = 0. R B ( B )  and a ~ RB are understood in the obvious way. 

(c) a ~ RB is called an atom of RB (a E ARB), if for every c _C a either 

c ~ R B  or a - c ~ R B .  

(d) We define the neighboring relation on RB(B) ;  it will be denoted by 

Nb(B) ,  or, in short, by Nb. ( a , b ) ~ N b  if a ,b  E RB, and a - b , b - a  E R S .  

(e) We define the relation: " a  and b are twins"; it will be denoted by Tn(B) ,  

or, in short, by Tn. (a, b ) E Tn if: (1) a E RB n B Ar and b E RB n BAL; and (2) 

for every .f E Aut (B) ,  .f(a) n a ~ RS itt .f(b) n b ~ RS. 

In the following lemma, we summarize some trivial observations. 

LEMMA 3.2. (a) a E R S  iff a E A s ( B ) U A I ( B ) ,  and [or some ` f E A u t ( B ) ,  

f (a)  n a = O. 
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(b) a E RB iff a E (BAr U B AL) _ (As (B)  U A1 (B)), and J:or some f ~ Aut (B), 

]:(a)n a = O. I f  a ~ RB and c C a, then either c E RB, or c ~ RS. 

(c) (a, b ) ~ Nb iff a, b E RB, and ( a - b) U ( b - a)  E I (B) ;  so obviously, Nb is 

an equivalence relation. 
(d) If  a E R B A B  At, b E R B A B  AL and a U b E B ,  then ( a , b ) E T n .  I]: 

(a ,a ' ) ,  ( b , b ' ) E N b ,  then ( a , b ) E T n  iff ( a ' , b ' ) E T n .  

(e) I]: a E RB n BAv, then there is b E RB n B AL, such that a U b ~ B. The 

analogous fact for B AL also holds. 

(0 The [ollowing are equivalent: (1) RB/Nb is infinite; (2) RB contains an 

infinite subset of pairwise disjoint elements; (3) A u t ( B  ) /Auto(B ) is infinite. 

0g) I f  RB/Nb is infinite, then there are sequences {a, l i E to} and {b, l i ~ to}, 

such that ]:or every i, j ~ to, i ~ j: ( a,, b, ) ~ Tn and ( a,, bt ) ~: Tn. 

PROOf. (a)-(e) are trivial. 

Proof of (f). Clearly (2) ~ (1). (1) ~ (2): Assume (1). If A R B / N b  is infinite, 

let {ai l i E to} be a set of representatives from distinct equivalence classes of 

ARB/Nb;  let b, = a, - Uj<, aj, then {b, I i E to} is as desired. If A R B / N b  is finite, 
let {al, �9 �9 ", a,} _C A R B  n BAv be a set such that for every D E (ARB n B Ar)/Nb: 

ID n {al,. �9 a,}l = 1. Then, since RB/Nb is infinite, there is c E RB such that 
c _C I a^T- U,_l  a,. Certainly, there is no d _C c such that d E ARB.  So again it is 

easy to construct an infinite subset of RB of pairwise disjoint elements. 

( 3 ) ~  (1): Assume --1 (1). For f, g E A u t ( B ) w e  define f - g  iff for every 
a E RB ( f ( a ) , g ( a ) ) E  Nb. Clearly - is an equivalence relation with finitely 

many equivalence classes, and f -  g iff fg-~E Auto(B). So A u t ( B ) / A u t o ( B )  is 
finite and -1 (3) is proved. 

(1) ~ (3): Distinguish again between the cases that A R B / N b  is finite, or 

infinite; in both cases the proof is very easy. 
(g) Let {a, l i E to}, {b, l i E to} be sets of pairwise disjoint elements of 

RB n B At, RB O B ^L respectively, such that for every i E to, a~ U b~ ~ B. We 

first show: (*) If i ~ j and ( a,, bj ) ~ Tn, then for every ]: ~ Aut (B): if ]:(a, ) n a, E 

RS, then (]:(a,), aj ) E Nb. So suppose i ~ j, ( a,, bj ) E Tn, and let ]: U Aut (B) and 

f (a , )  n a, E RS. 
There are a~C_a,, b'~C_b, such that (a'~,a,), (b ' i ,b , )ENb and f(a'~Ob'~)n 

(a~O b~) = 0. Clearly a~U b~E B, and by (c) and (d) w.l.o.g, a, = a'~, b, = b~, so 

f(a, U b , ) n ( a ,  U b,) = 0. Suppose by contradiction (at, f (a,))  ~ NB. If at - 

f (a , )  f~ RS, then since a, O b,, at U bj E B, b t - f (b,)  ~ RS. 
Let g = f [ (a, U b, U f(a, O b,)) U Id [ (1 - (a, O b, U f(a, O b,))); then g(a,)  N 
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a, = 0 but g (bj) A bi = bj - f(b,) ~ RS, a contradiction. A similar contradiction is 

obtained if we assume that aj - f(a~) ~ RS  but f (a,)  - a~ f~ RS. So (*) is proven. 

(*) implies that for every i E to I{1 I (a,, b~ ) E Tn}l =< 2. Since for every i ~ to, 

a, U b , ~ B ,  for every f ~ A u t ( B ) :  f ( a , ) A a , ~ R S  iff f ( b , ) f q b , ~ R S .  This 

implies that for every i, j ~ to: ( a,, b~ ) ~ Tn iff ( a~, b, ) E Tn. So, the relation 

{( i, ] ) I ( a~, b~ ) ~ Tn} is an equivalence relation, and all of its equivalence classes 

are of power -< 2, so (g) follows. 

Let Ko ~ = {B ] B ~ Ko and Aut(B) /Auto(B)  is finite}, Kg = K o -  Ko ~ and K~ = 

{M~(B)[B~K~o}.  So there is a sentence ~o such that for every B ~ K o ,  

Aut (B )~  ~o iff B ~ K~. 

K 13 - {M~3(B)[ LEMMA 3.3. Let M13(B) = (Aut(B), (B~L)"; Op) and ~ - 

B E K~} then K~3 is explicitly interpretable in K 2 1 2 .  

PROOF. Let q~s(C,D) be the formula in the language of K12 which says 
CC_B ^r, D C_B AL and there exist CIC_B AT, D1C_B AL such that ICI = IC~I, 

[DI=ID~[ ,  the relation { ( c , d ) l c E C 1 ,  d ~ D ~  and ( c , d ) E T n }  is a 1-1 

correspondence between C1 and D1. Then obviously if B ~ K~, C, D E I Mx2(B)I 

then: M 1 2 ( B ) ~ 8 [ C , D ]  iff CC_BAV, D C_B AL and IC[ = IDI. We now show 

how to interpret in M~2(B), B E Kg equivalence relations of B AVu B AL. Let 
g: BA~---> B AT, h : BAL--> B AL be arbitrary functions and let 

E<8.h>={(x,y)lx, y EBALt_jB AT and [g-~({x})Uh-l({x})[ 

= ]g- l ( {y} )  U h- l ({y})]} .  

The functions from B A~ to B "L and from BAv to BAv belong to M12(B); when 

B E Kg E<s,h> is definable from (g, h ) in M12(B); and when (g, h ) ranges over all 

possible pairs, E~8,~> ranges over all equivalence relations on B A~U B ^L. (B ~)H 
can easily be interpreted in (BAru  B AL) lI. SO the lemma is proved. 

Let M~4(B) = (B  ~ ,  Aut I (B); O p , . . .  )li where 

A u t r ( B ) = { g I D I g E A u t ( B ) , D C B  ~ and [ D l < ~ 0 }  

and 

K~4 = {MI,(B )I B E K~}. 

Certainly K~4 is explicitly interpretable in K~3. 

LEMMA 3.4. ( V = L )  Let A E K e ,  B be any B A  such that IBl<-l~lo and 

Aut (A) - Aut  (B),  then Aut (A) = Aut (B). 
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PROOF. There is a sentence g in the language of groups such that for every 

BA C if I C I --< 1%, then Aut (C) ~ X iff C E K~. So since Aut (A) ~ Aut  (B) and 
A ~ K ~ ,  B E K ~ .  So M I 4 ( A ) - M ~ , ( B ) .  By 2.19 (ATL, A u t I ( A ) ; . . . ) - -  

(BTL, A u t I ( B ) ; . . . ) .  So MI4(A)~M~4(B).  Let ~09(f) be the formula in the 

language of K~4 which says; / E Aut(BTL), and for every finite subset D _C BTL: 

[ r D E A u t r ( B ) .  It is easily seen that for every C E K ~ :  A u t ( C ) =  

{f I M14(C)1'= q~9[/]}. So since for every C E Ko2: Aut (C)  is defined in M14(C) by 

the formula ~9, and M~,(A) = M~,(B), A u t ( A ) ~  Aut(B).  So the iemma is 

proved. 

Let A u h ( B )  be the following subgroup of Aut(BV-): 

Aut , (B)  = { f l f  ~ Aut(BTL) and for some fl,f2 ~ Aut(B) :  

f I B A T = f ~ t B A T  and f r B A L = f 2 f B A L  }. 

LEMMA 3.5. (a) I f  a ~- A R B ( B )  and I { f (a ) l f  E Aut(B)}/Nbl >2 ,  then for 
every b E BAT u BAL: ( a , b ) E T n  or (b,a ) E T n  iff a t3 b E B. 

(b) I f  a E A R B ( B )  and t { f ( a ) t f E A u t ( B ) } / N b t = 2 ,  then for every 
b E B A T u B A L :  ( a , b ) E T n  or ( b , a ) E T n  iff either a U b E B ,  or for every 

f E Aut(B):  if f (a )  fq a ~ RS, then f (a )  U b E B. 
(c) Let B E K~, I(ARB n B AT)/Nb / = k, {a,,  �9 �9 a~ } _c ARB n B AT and if i ~ j 

(a~, ai ) ~ Nb, and let b~,. . . ,  bk be such that for every 1 <- i <= k : Ca,, b~ ) E Tn. 

Then: (1) for every f E A u h ( B ) ,  there are permutations fAT far of {1,'" ",k}, 

such that for every 1 _~ i <- k if(a,) ,  at^~o)) E Nb, and (f(b~), bt^Lo)) ~ Nb; (2) for 
every f E Aut,(B):  f ~ Auto(B) iff fAT = far. 

PROOF. (a), (b) and (c) (1) are trivial. It is easy to see that if f ~ Aut(B) ,  then 
fAr= fAr. We now prove that if f E A u h ( B )  and fAr = fAr, then f E  Aut(B).  

By (a) and (b) we can w.l.o.g, assume that for some r => 0: for every i _-< r: 

a2~-~t9 b2, a2~ U b2~-~ B, and for every 2r < i =< k: a~ U b~ U B. Let ao be the 

maximal atomic element of B Tr, ak§ = ao-O~_~a,  and bk§ = - a o - U ~ _ ~  b~ 
then a~§ U b~§ ~ B, and it is easy to see that for every g ~ Auh(B) ,  a C a~+~ 
and b C_ b~§ (a - g(a)) U ( g ( a ) -  a) ~ As(B) and (b - g(b)) U ( g ( b ) -  b) 

A1 (B) t9 {0}. 

In order that f ~ A u t ( B ) ,  it suffices that for every c ~ B :  f ( c ) ~ B ;  so let 

c ~ B .  For every l _ - < i = < k + l l e t  c ~ = c n ( a ,  Obr ) ,whe re  i ' = i  for 2r<i_-< 

k + 1, (2i - 1)' = 2i and (2i)' = 2i - 1 for 1 _-< i _-< r; c, ~ B, so it is sufficient to 

show that for every 1 ~ i _ - < k + 1 :  f ( c~ )~B .  Certainly (c~§ 
(f(c~§ c~+~) ~. I (B) ,  so f(c~+~)~i. B. Suppose 2r < i =< k. If c~ n a~ ~ As(B),  

then c, ~ I(B),  so f(c~) ~ I (B )  C_ B. Otherwise (c~ n a ,  a~), (c~ n b ,  b~) ~ Nb, so 
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(f(a, D c,), at,,~o)), (f(b, f') c,), /'fAT,)) E Nb. Since fAr(i) > 2r, ar,~,) tO br'~o)G B, 

so f(c,) = f(a, f"l c,) to f(b, D c,) E B. A similar argument holds when i _-< 2r. So 

f(c) E B, and the lemma is proved. 

LEMMA 3.6. ( V = L )  Let A EKe, B be any BA such that IBl<no and 
Aut (A)  - Aut (B), then Aut (A) ---- Aut (B). 

PROOF. Suppose Nb has exactly 2n equivalence classes in A. Let P~, . . . ,  P. 
be the set of all (distinct) equivalence classes of Nb which are included in A AT 

and QI , ' "  ", Q, be those which are included in AAL; we choose the Q,'s so that 
for every i, a ~ P, and b E Q,, implies ( a , b ) E T n .  Let /5= ( P 1 , ' " , P , ) ,  0 = 
( 01 , ' "  ", Q. ) and M~5 (A,/5, Q)  = (Aut  (A), (A Ar; 15 )n, (A AL; AI(B) ,  0 )II; Op)  

where the P~'s and O~'s are considered to be unary predicates. Let T be the 

complete theory of M~(A, fi, O) and K ~ = 

{M15(A' "' " '  , P , Q ) I  ' "' M~5 (A , P ,  0 ' )  ~ T}. It is easily seen that there are P,, Q'~ c_ B 

such that M~5(B, P', 0 ' )  ~ K T. Under the assumption that V = L we shall show 
that all the models of K T are isomorphic. Let C be a BA and AutAVr(C) = 

{f [ D I[  ~ Aut (B) and D is a finite subset of ca r} ;  Aut ALt is defined similarly. 

Suppose M~5(C, P, 0_) ~ KT5 and let 

M,~(C,P, Q) = ((AutAW (C), cAT, /5, 0 p )  n, (AutALf (C), cAL; (~, 0 p )  I') 

and KT6={M16(C, fi, (~)IM15(C, fi, O)~ T}. 
Certainly K T is explicitly interpretable in K~ T, and we shall show that also K r 

is explicitly interpretable in KT6. 

Let AutAr(C) = {f r CArl f E Aut (C)} and AutAL(c) be defined similarly. We 
first show that f C AutAT(C) if[ f E A u t ( C  AT) and for every finite D C C Ar 

f [ D E Aut ATr (C). For let a~,. �9 a., b~,. �9 b, belong to P~,. �9 P., Q1,. �9 Q, 

respectively so f I{a,,"" ", a.} can be extended to an automorphism g of C. It is 
easy to see that f tO (g r B AL) can be extended uniquely to an automorphism of C. 

A similar statement holds for C ^L. 
Suppose M16(C, 15, 0 )  E KT6 and let 

M,7(C,/3, 0 )  = ((AutAr(C),  cAT; P, Op), (AutA'(C),  CA~; t~, Op)) ,  

and and K ~  = {M~7(C,/5, (~)l M,6(C,/5, 0 )  ~ KT6}. It follows that K ~  is exp- 

licitly interpretable in K (6. From 3.6(c) it follows that K ~ is explicitly interpreta- 

ble in K r,  so we have proved that K~  is explicitly interpretable in K~r6. 

By 2.19 all the models of K T are isomorphic, so the same is true for K~. So 

M~5(B,/5', Q') = M~5(A,/5, Q) so A u t ( B )  ~ Aut (A). Q.E.D. 
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COROLLARY 3.7. ( V  = L )  I f  A and B are any countable or finite B A ' s  and 

A u t  ( A )  - A u t  (B )  then A u t  ( A )  ~ A u t  (B).  

PROOF. If A ~ Ko then the claim of the corollary follows from 3.5 and  3.6; if 

A ~ Ko then it follows easily f rom 2.1. 
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